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~~—refle xion from the E region at the Schumann resonant frequency. Under
quiet day-time ionospheric conditions the penetration frequency-band is
around 20-60 hz in middle and high latitudes, but around 75-150 hz near the
equator. At a frequency low enough to be reflected primarily from the E
region unde r quiet ionosphe ric conditions, an increase in D region ioniza -
tion that is just sufficient to transfer primary reflexion from the E region
to the D region results in an increase in the rate .of attenuation. On the
other hand, when once reflexion is fi rmly established at the lower level,
further increase of ionization in the D region cause s a reduction in the rate

• of attenuation. Similar effects are expected to occur at night in association
with a sub-E region ledge of ionization. Small variations in the ionization
profile of such a ledge are the likely cause of night-time fluctuations of
transmission at 45 and 75 hz. ~~ —

The re is a need to imprc5~\the theory in order to handle properly
situations involving more than one major reflecting stratum. The re is also
a need to check the method against othe r methods. The results of all
methods should be so presented that the levels principally responsible for
reflexion are located and the specific causes of the reflexion are identified.
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1 . Introduction

The work summarized in thi s report is aimed at describing and

• applying, for the frequency rang e 7. 5 to 300 hz , a relatively inexpensive

approximate method for calculating propagation in the earth-ionosphere

transmission line taking into account the profiles of electron density and

of other ionospheric pa rameters. The method used is described in

Appendix A , and application of the method is presented in Appendix B.

In the course of the work it was found necessary to devise a

scheme whereby reali stic ionospheric profiles could be represented by

a single analytic function of height. This is important in order to have

profile s free of mathematical singularities such as discontinuities of

slope that cause spuriou s partial reflexions. It is also important in

order to be able to change from one profile to the next merely by chang-

ing the nume rical value s of a few parameters in the computer program.

The method of profile specification developed for this purpose is
• described in Appendix C. It is understood that URSI and COSPAR plan

to make some use of this method in connection with the Inte rnational

Reference Ionosphe re that these organizations are jointly prepa ring.

2. Theory

The theory described in Appendix A is based on a wave-solution ,

but nevertheless substantial approximations are involved. The basic

wave- solution is the well-known one for an exponential increase of

ionization density. At ELF, l/ ( 2ri ) times the wavelength X in free

space is large compared with the scale -height. Approximations on this

basis are feasible , and they greatly simplify the handling of propagation

at ELF. There is a reflecting stratum the thickness of which is about

one scale-height h , defined in te rm s of the profile of the square of

refractive index. The center of the reflecting stratum occurs where

1 /(2rr ) times the local wavelength ), is equal to y time s the local scale-

height h, where y is a factor (between 2 and 3) for which a method of

successive approximation is devised.
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Above the reflecting stratum the medium can be assumed to be

slowly varying, and here the direction of phase propagation can nearly
always be assumed to be approximately vertical regardless of the direc-

tions of propagation of the incident and reflected waves below the

ionosphere. Almost the same complex reflexion coefficient is obtained . -

if the iono sphere below the cente r of the reflecting stratum is abolished

and the ionosphere above the center of the reflecting stratum is treated as

a slowly varying medium.

On thi s basis the mode-transmission problem in the earth-

ionosphere transmission line is solved taking into account the effect of
the earth t s magnetic field. A mode consists , not of two crossing plane

wave s, but of four . There are a pair of upgoing waves and a pair of
downcoming wave s , the members of each pair having the elliptic polar-
izations corre sponding to ordinary and extraordinary waves propagating
vertically in the ionosphe re . In terms of the refractive indices and

polarization ratios at the levels of reflexion of the ordinary and extra-
ordinary wave s, expressions are obtained for the phase-velocity and
attenuation rate in the earth-ionosphere transmission line due to leakage
of ene rgy into the region above the level of reflexion.

There is also attenuation in the earth-ionosphere transmission

line due to collisional absorption below the level of reflexion. A method
for estimating this contribution to the attenuation rate is devised similar
to that used for dielectric loss in an engineering transmission line .

3. Calculations

The theory desc ribed in Appendix A has been applied numerically

• to explore propagation in the earth-ionosphere transmission line in the
frequency band 7. 5 to 300 hz unde r a wide range of circumstances. This
covers dependence on time of day, latitude , season of the year , epoch

• in the sunspot cycle and occurrence of sudden ionospheric disturbances
and polar cap absorption events. The most intense ionospheric

2
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disburbance considered is probably compa rable with the situation that

would be likely to ensue afte r a high altitude nuclear explosion.

Du rin g the past decade , maj or progress has been made in the

extent to which the day-time profile of ionosphe ric electron density

below 100 km is understood . This has arisen largely through the

application of in situ rocket technique s, and is in pr ocess of culminating

in the day-time profile s currently being proposed for the URSI-COSPAR
• International Reference Ionosphere. These profile s diffe r substantially

f rom those used in previous studie s of day-time ELF propagation in

the earth-ionosphere transmission line , and they lead in Appendix B to

substantially different results.

While the day-time profile of electron density below 100 km has

been the subject of intensive studies during the past decade , the same is

not true for the night-time profile . The profile s of electron density for

the night-time ionosphere being proposed for the URSI-COSPAR Inte r-

national Reference Ionosphe re are based on a Russian compilation of

data. Howeve r , it is shown in Appendix B that these night-time profile s

lead to the unacceptable conclusion that the Schumann resonance in the

ea rth-ionosphere cavity would not be observable . A modified night-time

profile of electron density more acceptable for describing ELF phe-

nomena is therefore devised. This involve s an E region with a rather

sharp under boundary at about 90 kin, and with a sub-E region ledge of

ionization below 90 km. Small variations in the profile of this ledge

are the likely cause of the night-time fluctuations of transmission that

have been observed at frequencies of 45 and 75 hz.

• Over the entire radio spectrum, the frequency where the height

of reflexion from the ionosphere has its lowest value occurs in the VLF

band. As the freque ncy is shifted either upwards or downwards fr om

the VLF band , a radio wave penetrates further into the ionosphere , and

it ultimately pierces the ionosphere at VHF on the high frequency side

and at micropulsation frequencie s on the low frequency side. In

3
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consequence, as the frequency descends through the ELF band during the

day -time , penetration of the D region occurs , leading to reflexion from the

E region at the Schumann resonant frequency. 
•

Transfer of the primary reflecting stratum from the D region

to the E region is not sudden. Reflexion from the D region weakens

as reflexion from the E regiou stre ngthens. The ordinary and extra-

ordi nary wave s each possess a band of frequencies over which reflect-

ing strata in both the D and E regions are simultaneously important,

and this band is at somewhat higher frequencie s for the ordinary wave

than for the extraordinary wave .

The calculations in Appendix B indicate that , unde r quiet ionospheric

conditions, the penetration frequency-band for the day-time D region is

around 20-60 hz in middle and high latitudes, but around 75-150 hz

near the equator. Under quiet night-time conditions, the penetration

frequency-band for the sub-E region ledge of ionization is about the

same, if the ionization density in the ledge is taken to be about the same

as for the day-time D region. The night-time calculations in Appendix B

suggest , however , that the ionization density in the ledge should prob-

ably be somewhat less , and this would shift the penetration wave-band

for the ledge to somewhat highe r frequencies.

Penetration of the D region (day -time), or of the sub-E region

ledge (night-time), as the frequency descend s through the ELF band

causes a rise in the velocity of phase propagation in the earth-ionosphe re

transmission line , and a drop in the attenuation rate. Moreove r , this

occurs in two stages because penetration of the ordinary and extra-

ordinary wave s occurs in succession.
• For a given frequency in the band 7. 5 to 300 hz , attenuation rate s

at low latitudes are less than they are at high latitides , especially during

the day-time . It follows that , for the same transmitter arrangements

(including the same site geology) , the latitude at which an ELF communi-

cations transmitter is located has an important bearing on the degree of

world-wide coverage that it achieve s
.4
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Duri ng the day-time, the attenuation rates are higher in winter

than they are at the equinoxe s, and higher at the equinoxe s than they

are in summer. Attenuation rate s are lower during an epoch of high sun-

spot number than they are when the sunspot number is low, except near

the equator. At a freque ncy such as 75 hz the effect of sunspot number

is reversed at the equator because penetration of the D region occurs

as one approache s the equator during an epoch of low sunspot number,

whereas this doe s not occur when the sunspot number is high.

At a frequency low enough to be reflected from the E region under

quiet day -time ionospheric conditions , an increase in D region ionization

that is just sufficient to transfer primary reflexion from the E region to

the D region result s in an increase in the rate of attenuation in the earth -

ionospheric transmission line . On the other hand, when once refte,don

is firmly established at the lower level, a furthe r increase of ionization

in the D region causes a reduction in the rate of attenuation. A large

increase in the ionization density at low levels in the ionosphere results

in a low rate of attenuation.

At a frequency such as 75 hz , the effect of an enhancement in the 
• I

ionization density of the day-time D region by a factor of ten reduces the

attenuation rate in the earth-ionosphere transmission line in middle and

high latitude s, but increases it at the equator . This is because, as one

approache s the equator, penetration of the D region occurs under quiet

ionosphe ric condition s but not under disturbed conditions.

4. Further work needed

The calculations in Appendix B have revealed the fact that , as the

frequency descends from 300 hz to 7. 5 hz , penetration of the I) region

occurs by day, and of a aub-E region ledge by night. Thi s behavior con-

stitute s a major factor in understanding day-time propagation in the

earth-ionosphere transmission line in the frequency range 20-60 hz in

middle and high latitudes. The corresponding penetration frequency-range

S
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is somewhat highe r near the equator , and in all probability it is also
somewhat higher at ni ght .

The D region penetration phenomenon was not anticipated when

the the ory descr ibed in Appendix A was developed. Consequently, it
is now necessary to extend the theory to deal with a situation in which
simultaneous reflexion from strata in the D and E regions is important.
Deve lopment of such an extended theory will be requi red before detailed
agreement between theory and observation can be expected at frequencie s
such as 45 and 75 hz. On the othe r hand , when such a theory is avail-
able in convenient form, and when the profile s for the International
Reference Ionosphere are sufficiently comprehensive and reliable , there

seems to be no reason why useful propagation curve s for ELF communi-
cations should not be prepared cove ring most ionospheric conditions .

It will also be de sirable to compare the extend-” version of the
theory in Appendix A with theorie s based on dividing the ionosphere up
into a large number of thin horizontal homogeneous non-isotropic steps.
The latter theorie s constitute relatively expensive methods of calculation
if applied over a wide range of ionosphe ric conditions , but they are quite
reasonable for checking a number of selected cases.

Methods that involve , directly or indirectly, dividing up the
ionosphere into steps are often described as giving the “exact” or “full ”
wave solution to the problem. This is true provided that the size of each
step is allowed to tend to zero , and the number of steps is allowed to
tend to infinity. In practice, however , a finite number of steps with non-
zero size s have to be used. Moreover, to keep the cost of calculation
down, the numbe r of steps is sometimes reduced undesirably. In this
way it can happen that an “exact” nume rical solution is less accurate 

• 

-

than a frankly approximate analytical solution. Experience shows that,
when an “exact” numerical solution disagrees unexpectedly with a
reasonable analytical approximation for which the details can be fully
unde rstood, it is a good idea to suspect the “exact” solution.

6
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In approximating a continuous iono spheric profile by means of a

staircase profile , the size s of the steps must be arranged so that the step

in the natural logarithm of the magnitude of the refractive index is every-

where quite small. This means that a large number of steps must be

used at levels where the gradient of the ionization density is high - -
for example , at the unde r edge of the day-time E region just above 80 km.

But it also means that a large number of steps must be used near the

bottom of the ionosphere where the refractive index has not departed

radically from unity. It must not be argued that little reflexion can be

- expected near the bottom of the ionosphere and that consequently there is

no need to model the ionosphe re care full y at this level. On the contrary

a substantial part of the cost of the calculation has to be devoted to low

levels in orde r to avoid creating reulexion that does not exist. Unless these

pre cautions are taken, it may actually be better to replace the “exact”

calculation by an approximation of the type presented in Appendix A.

There is a need to improve the approximate theory described in

Appendix A in order to handle situation s involving more than one major

reflecting stratum. The re is also a need to check the method against

other methods and, in so doing, to take adequate cognizance of precautions

such as those described in the previous paragraph. The results for all

methods should be so presented that the levels principally re sponsible for

reflexion are located and the specific causes of the refiexion are identified.

7
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Abstract

It is shown approximately that , for ref lexion of ELF waves from

a given ionosphere described by a simple profile of ionization density , the

phase-integral method may be used above a cer tain level, and the

ionosphere may be abolished below this level. The height of ELF reflexion

thus determined is independent of angle of incidence , but not of frequency.

The heig ht of reflexion increases as the frequency decreases in the ELF

*This author was supported partly by the UCSD Department of Applied Phy sic s
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sabbatical leave in 1972 , and partly through the UCSD Institute for Pure and
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tract No. DAHCO4-72-C-0037. The work was completed in 1976 using funds

• provided by the Office of Naval Research under Contract No. N000l4-75-C-0959.
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band until penetration of the ionosphe re occurs at micropulsation fre-

quencies.

An approximate solution is obtained to the mode problem in the

earth-ionosphere t ransmiss ion- l ine  in te rms of four crossing plane wave s,

one pair having 0 wave polarization and the other X wave polarization. If,

for the 0 and X wave s , respectively,  the heights of reflexion are

and and the scale heights of the ionospheric profile at these heights

are h0 
and h

~ 
, the n for a simple ionosphere the phase velocity is

dec r eased be low c by the fraction 0. 50 h0/z 0 and the attention rate at

frequency f hertz due to leakage into the ionosphere above the level of

reflexion is 0. 117 £ hx /z x 
decibels per megameter approximately. A method

for calculating the attenuation rate due to collisional absorption below the

level of reflexion is also devised similar to that used for dielectric loss in

an engineering transmission line.

1. Introdu ction

Propagation of the transmission-line mode in the wave-guide between

the conducting earth and the conducting ionosphere was first studied by

Watson (1919), and the theory ha s since bee n developed , particularly for

application in the ELF band. It is summarized in book s by Budden ( 196 1b),

Wait (1962) and Galej s (1972), and also in a special issue of the IEEE Trans-

actions on Communications edited by Wait (1974). The earth , the atmos-

phere and the ionosphere are often regarded as three media that are •

homogeneous and isotropic. More elaborate versions of the theory take the

ionosphe re to involve two or more homogeneous isotropi c layers (Wait , 1958;

• 2
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Chapman and Jones, 1964; Jone s, 1967). Theories involving a more-or-less

continuously stratified ionosphere , isotropic or non-isotropic , have been

developed mainly for VLF and higher freque ncie s , but they have also been

used at ELF (Cole, 1965; Madden and Thompson, 1965; Hughes and Theisen,

1970 ; Barr, 1972; Pappe rt and Mole r , 1974).

Even if it is agreed that a homogeneous ionosphe re with a discon-

tinuous unde r boundary is an adequate model at ELF, we need to know at

what height to place the discontinuity and what parameters to assign to the

ionosphere above this height . Fur thermore , from experience at higher fre-

quencies , one would expect the height of reflexion and the othe r relevant param-

eters to depend on angle of incidence and frequency. Konrad and Poverlein (1958)

have conjectured that the leve l of reflexion should be higher at ELF than at

VLF. Neve rtheless , it is frequently assumed that the same ionospheric 
*

discontinuity is satisfactory fo r all ang les of incidence and all frequencies

in the ELF band . If so , then it should be possible to give theoretical reasons

• for this result. At the Schumann resonance frequencie s, this matter ha s

been considered by Large and Wait (1968).

It is the objective of this paper to start with a simple but reasonably

realistic profile of ionization density , and to derive a method, suitable for use

at EL 1~, for as~ crt.~in ing at. what level the ionosphe re may be st be cut off at the

bottom and be replaced by a discontinuity. We shall also ascertain the depend-

ence of thi s discontinuity-level on angle of incidence and frequency, and go on

to assess the rate of attenuation in the earth-ionosphere transmission line

due to leakage of energy into the ionosphere above the level of reflexion .

3
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We shall do this taking into account the effect of the earth ’s magnetic

field , but neg lecting coupling between the ordinary and extraordinary waves

(the 0 and X waves). It will be necessary to solve the mode transmission

problem in the ear th- ionosphere t ransmission line taking the ionosphe ric

conductor as a non-isotropic medium. It should be noted that , in such circum-

stances , a mode involve s , not two crossing plane wave s , but four. There

are a pair of upgoing wave s and a pair of downgoing wave s , the members

of each pair having the elliptic polarization corresponding to the 0 and

X wave s in the iono sphe re . We shall assess the atte nuation rate in the earth -

ionosphere transmission line not only due to leakage of energy into the region

above the level of reflexion but also due to collisional absorption below the

level of reflexion.

2. The Leve l of Reflexion in the Ionosphere at ELF

• 
• 

We shall base our discussion of the level of reflexion in the ionosphere

at ELF on an ionospheric model for which the index of refraction n varies

with height z according to the formula

n - 1 - (bexpj 4T ) exp ( z - a ) / h ) (1)

where b and ~b are real constants , h is a scale height , and a

is a reference height . Such a profile of refractive index is not ideal ,

but gives a reasonable representation of the underside of the ionosphere in

circumstances when the increase of ionization density with height is roughly

exponential. The prof ile does not represent properly the variation of colli-

sional frequency with height, as a result of which there is a tendency 
to4
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underestimate absorption just below the level of reflexion and over-

estimate it just above thi s level.

For a plane wave inc ident upon a plane stratified ionosphere with the

profile (1 )  there is an exact wave solution for horizontal polarization. We

shall assume that this solution g ives a reasonable clue to determination of

the level of reflexion in a practical ionosphere for the 0 and

X waves. The solution is give n by Budden (196 1a , pp. 354-357) and by

Wait (1 962, pp. 72-74) . It involve s a Bessel function of an argument that

is small at the bottom of the ionosphere and large well inside the ionosphere ,

with reflection occurring in the transition region between the two. For an

ang le of incidence 8 (S = sin 8 , C cog 8 ) , possibly complex , the change

in complex phase between the incident wave (measured at the reference

height a and the reflected wave (also measured at z = a) is

- 
4TT hC In (bexpj~~) (~~L~~)

2 }
~ 

a arg F (1 - 4tT hC) (2)

where X is the wavelength in free space. When ZTT h /X 0 is lar ge,

Equation (2) correspond s to the phase -integral (or WKB) appr oximation

(fl udden , 1 96Ia ) .  On the other hand , at ELF Z r r h / X  is small, and we

may then write approximately

• r (1 - j 
4TT hC) = F (1)  - j F ’( l )  4_!r hC (3)

sø that

5
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2 arg F (i - ~ 
477 hC) 

= ~2 F ’i1) 4-n hC (4)
0

Let us define

F ’(l )
6 -2 r ( 1)  = 1.1544 . (5)

Then Equation (2) may be written at ELF

~~~~~ +~~~~~~~~ [in { bexpj h) }~~~~}

or ~~ 

+ 4r~ hC 
~~ 

(~~~) } -  (6 + J ~~)] (6)

For the ionospheric profile in Equation (1) the phase-integral approxi-

mation always applies at sufficiently large height s. A sufficiently large height

ia one for which the argument of the Bessel wave-function is appreciab ly greater

than unity. Any hei ght above the zone of transition from small argument to large

ar gument satisfies this condition , and this zone is the reflecting stratum. Con-

sequently we may simply say that the phase-integral approximation applies above

• the reflecting stratum.

Let us compare the result in Equation (6) with that for an ionosphere

in which ( i)  the same refractive index profile is maintained above a certain

level z 1 , (ii) the phase integral approximation is applied for z > z 1 , and

(ii i) the refractive index is taken as unity for z < z 1 . Let us see whether

it is possible to adjust the leve l z 1 of the resulting discontinuity in

•~~~~~~~~~~~~~ •~~~~~~~~~~~~~~ •~~~~ 
~~~~~~ _ _ _ _ _ _
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refractive index so that , well below the level z 1, the phase-change • between

• an inc iden t wave (measured at the refe rence height a) and the reflected wave

(measured also at z = a )  is nea r l y the same as the right hand side of

• Equation (6).

Jus t above the level z 1 the square of the refractive index is

1 - (bexpj 4r ) exp [ (z 1 - a)/ h ) (7)

and if we assume that this level is sufficiently far into the ionosphere to

make In I>> 1, we may write approximately

-(bexpj *) exp ( (z 1 - .a)/h ) (8)

For an ang le of incidence whose cosine is C , the Fresnel reflection coeffi-

cient at the discontinuity at level z 1 is

2 2 1/2
C - ( C -n 1

, . (9)
~ ~~l 2

C + ( C  - n 1
)

Assuming that n11 >> C, this becomes

= - ( 1 - ( 10)

which is equivalent to a complex phase-change on refJection of

ZC
j ln p  = - — ( 11)

1
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and does not differ much from ,~~~~. This is the phase-change referred to

as re ference height. If a is used as the reference height , the complex

phase-change between the incident and reflected wave s is

4ii C . ZC
• ii + -i-— (z~ - a) - — . (12)

0 1

To put this result in approximately the same form as Equation (6) , we note

that Equation (8) may be rewritten

2
I ‘

~~i 
\

z - a - h in I - . 1 (13)
1 \ bexpj~J / /

SO that Equation (12 ) becomes

2~~~
477hC I ‘~i \ . ZC

• 
= 17 + 

~ 
In 

~ bexpj 4r / - 
~

or , again using Equation (8),

+ 
4~~hC in + 

~~~~ 
(cos ~ - j sinf) (14)

We are now in a position to deduce from Equations (6) and (14)

whether it is possible to choose z 1 (i .e. n 1) so as to make the complex

phase-change •‘ for the discontinuity profile approximately the same as

that for the orig inal exponential profile. We see that it is not possible to

do so preci sely because of the terms following the logarithms in Equa-

tions (6) and (14). On the othe r hand we also see that these terms are

small compared with the logarithmic terms when ~~~/(2 -rr h ) and n~ t

are large , that is , at ELF. To make the dominant logarithmic terms
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equal we require that

x
~~~ 

_ _2_ ( 15)

This means that the reflecting stratum in the ELF band occurs close

to where the local reduced wavelength X 0/ (Z -rr n 1~~) is equal to the scale

he ight h of the profile. Appreciably below the level corresponding to

Equation (15) the local wavelength is large compared with the structure-

scale of the ionization profile which is therefore largely ignored by the

waves. Appreciably above the level corresponding to Equation (15) the local

wavelength is small compared with the structure-scale of the ionization

profile and the phase-integral approximation is applicable. It is in the

neighborhood of the level g iven by Equation (15) that the bulk of the -

reflexion take s place.

Let us now examine the small terms following the logarithms in Equations

(6) and (14). While it is not in general possible to adjust the level z 1 so

as to make these terms exactl y equal , it is possible to adjust the level in

such a way as to minimize the difference between • and •‘. From

Equations (6) and (14) we deduce that

• 
- = (4 17

~~)[tz in (~~ ~~~h )  -~~~~~
- 

~~~~~~ ~~~h COB f }
. 1  1 0 .

~~~~~~~~~~~~~~~~~~~~ 
( 16)
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H ence

~~~~ 
,~ 2 

= (477hC 
~ I n y  - 6  - v cos 

~
)

2 ( - $)2} (17 )

where

l x
I n ~ I -

~~ ~~~~~~~~~~ (18)

For a value of V differing somewhat from unity, Equation (18) determines

a height a little different from that g iven b y Equation (15). We select

V so as to minimize the expression for • - ~ g iven in Equation (17) .

This value of y turns out to be independent of frequency, of scale height and

of angle of incidence , but to be dependent on the phase-angle $ of the refractive

index profile in Equation (1) . The value of V varies between the extreme

value s 2. 00 and 2.65 as shown in Figure 1, and even less in practice. With the

value of V chosen in this way, the error in ~•- ~~
‘ has magnitude

4-n hC (19)

where ~ is as shown in Figure 1. This expression has to be compared

with the logarithmic term in Equations (6) or (14), and therefore with the

term

4 17C____ - a) (20)

10 



_ _ _ _  _ _  —--
~~--- - -- ‘

3.0 2.0

2.8

N ~~15

7 - t O

1~-~
2.4

- 05
a2

2.0 I 0.0
Os 450 90 r35° 180

‘ii

Figure 1. Illustrating (i) the value of y required to minimize error in the

complex phase-change on reflexion , and (ii) the value of ~ to be

used in expression (19) for estimating the re sulting error.
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in Equation (12). The condition that • may be replaced by •‘ in a mode

calculation involving ionospher ic  refiexion at a height Z
R 

above the surf ace of

the earth is therefore

41T hC 4 77C
B << Z

R

or

B << ZR /h . (21)

Since Z R /h ~ 8 of the orde r of 20 or more, and the maximum value of B in Fig-

ure 1 is 1. 77 , it is clear that the condition (21) is reasonably well satisfied.

What we have proved is that, for the profile of refractive index n

in Equation ( 1) , one may abolish the ionosphere below the level where

~n I  
~~~~~~~ 

(22)

and apply the phase integral approximation above this level. The quantity

y is given by Figure 1 and is independent of the angle of incidence. It

follows that the level at which a discont inuous ionospheric lower-boundary should

be placed for ELF studies is in fact independent of the angle of incidence

(including complex angles of incidence) . Oii the other hand , the discontinuity-

level does depend on f requency : not on ly does X 
~ 

appear explicitly in

Equation (22), but the refractive index n is also frequency dependent.

Hence it is not advisable to use the same discontinuity-level throughout the

ELF band, although at each frequency it is satisfactory to use the same

12
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discontinuity-level for all angles of incidence.

While the above deductions apply strictly to the refractive index

profile in Equation ( 1) , it is not difficult to devise a way to apply the results

to more pr actical ionospheric profiles. For such a profile a scale height

can be defined at each height for each frequency by means of the equation

— l
h = 

1 
~~ (n~ - 1) (23)

n2 - l  dz

and it is then simple to ascert ain the height where this is equal to the local

reduced wavelength X oI I 2 -ri- n . This height is roughly the ELF height of

reflexion in accordance with Equation (15). At this height one can ascertain

the value of the complex re f ract ive index n 1 for the given profile and hence

the quantity

= rr + 2 arg n 1 . (24)

In accordance with Equation (8), this is approximately the value of $ to be

used in Figure 1 in order to deduce a value for V .  We can now ascertain

the level where the scale height given by Equation (23) is equal to the cor-

rected local reduced wavelength A Zr- y n I . In accordance with Equa-

tion (22) this height is a reasonable approximation to the ELF height of

refiexion for the selected frequency and for any angle of incidence. Sub-

stitution from Equation (23) into Equation (22) shows that the ELF height of

13
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reflexion, define d in this way. is given approximately by

21 dn - ZI T y
3 a— - —i--— (25 )

n 0

In the presence of the earth ’s magnetic field , the above technique

may be applied to the refractive index profile s for 0 and X waves,

• provided that one neglects coupling between these waves. The refractive

indices at the levels given by Equation (25) always turn out to be large

compared with unity. Hence the ELF wave s transmitted into the ionosphere

may be assumed to travel almost vertically upwards regardless of the

direction of the incident and reflected waves below the ionosphere. This

greatly simplifies the handling of the earth ’s magnetic field. The refrac-

• tive indices to be used in Equation (25) for the 0 and X wav’~s are simply

• those for vertical propagation in the ionosphere.

3. The Mode Theory at ELF

We derive the mode theory in the earth-ionosphere wave-guide at

ELF on the assumption that curvature of the earth may be neglected,

that the height of reflexion is given by Equation (22) , that the phase -

integral approximation may be applied above this level, and that

the iono sphere may be abolished below thi s level. Reflexion at the

resulting discontinuity is then determined by the refrac tive index immedi-

ately above the discontinuity.

We de r ive separate hei ghts of reflexion z0 and z~ for the 0 and

X wave s from Equation (22) using the refractive indices for the 0 and X

waves fo r vertical propagation. Just above the associated discontinuities,

14
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let no and n~ be the refractive indices for the 0 and X wave s, so that

the impedances looking vertically upward s at the location of the discontinuitie s

are 
~~ 

/n~ and 
~~ 

/n~~ , where is the impedance of free space

(377 ohms). If we take axes as shown in Figure 2, with z vert ically upwards

and the y z plane as the vertical plane of propagation of the mode, then we

have , in terms of the components of the complex electromagnetic fields
o 0 x x .E , H for the 0 wave and E , H for the X wave at their respective

levels of refiexiori ,

E° E°

~~~i. = —~~~. = —
~
- c z = z  (26)

i-P H° ~o~~~~’ 0
x y

EX E X
y x 1 ,

- —~~~ = —v = , z = z x (27)
H~ H’~ X °

x y

Also, if and are the polarization ratios for the 0 and X waves

at their respective levels of reflexion , we have

E ° H°
- 

x - y = =—~
. _ —~s. ~‘0’E” H’~y x

EX H X
x _ y~~~ -

“ X 1  Z Z
XE’~ H ’~y x

A mode in the earth-ionosphere wave-guide consists of a pair of

crossing plane waves at an angle B to the vertical (S = sin 8 , C = cos B )

having an elliptic polarization whose horizontal projection correspond s to

15 
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Figure 2. IUustrating the four crossing plane wave s involved in a mode

in the earth-ionosphe re wave -guide .
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Equation (28 ) combined with a pair of crossing plane wave s at the same

• ang le B having an elliptic polarization whose horizontal projection corre-

sponds to Equation (29). From the vertical standing-wave pattern formed

by these waves we may wr ite down, by standard matrix methods for one -

dimensional transmission systems (see, for example , Booke r , 1948), the

complex electromagnetic field ( E , H )  at the ground in terms of the electro-

magnetic fields at the levels of reflexion. We obtain:

ZTt z C 2 r r z C
E cos ~ E0 - j C  C sin 0 

~-Py A ° x

2 17i~ C 2Tr z C
+ COB A EX 

- j  C C S~~fl A H X (3~ )

2 -rr z C  ZTT Z C
H = -j —f-- sin 0 E° + ~~~~~ 

~~
x C C  A y A

0 0 0

2 n z C  2rr z C• . 1 . x x x x
~ C c~

C ~~ “ E + cos H (31)

• Zit z C  C Zrrz C
E = cos ~ E° + j —s- sin 0 H°

x A x C A y
0 0

Zrr z C C Zrr~ C
+ cos ~~~ E X + j —

~~ sin HX (32)

17
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2 T z C  2iT z C
H = j 0 E° + cos 0 H°y A x A y

0 0 0

• ZTT z C 21T z C
+ ~J Sin A 

E X + C05 A HX (33)

To satisfy the mode cond ition these ‘values of E , E H and H mustx y ’ x y
obey the boundary conditions at the surface of the earth.

By employing the ratios (26) , (27~, (28) and (29) one can express all

the electromagnetic field components on the right hand sides of Equations

(30) , (31), ( 32) and (33) in terms of H° and HX , which are the components

of the magnetic field for the 0 and X wave s at their levels of reflection,

taken in the direction transverse to that of propagation in the earth-

ionosphere wave-guide. We obtain:

( 2r i z C
E = - < —

~
- cos 0 + j C sin 0 

~� C H°y ~~n0 A 0 A 0 o x

2 r r z C 2 -r Tz C~~
- ~ cos + j C sin X 

~~~ HX (34)A A & o x
0 0 J

I 2 n z C  2TT z C~~
H j — ~— sin 0 + cos X

x i n C  A A x
“ 0 0 0 ‘

1 217 z~~C 2 -rr z C x
+ j ;:~;~- sin + ~~~~ A 0 

} H

18
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2rr z C ZTT z C
E ~ -

~~-- C08 —-~~~~~~~ + ~ 
I ~~ C H°

X ( f lu A 0 
C A 0 ~ o o x

2 1 7 z  C 2 1T z C ~
+ — cos A 

+ j sin 
~ ~ 

H~~ (36)

T 
x o 0

I ZT T z0C 2TT z0C
H =~~~j — s i n  — + c o s  A ) Q H

y ( n0 A 
~, ~ c x

2 Tiz C Zi iz C
+ Sin A 

+ cos 
A } ~ (37)

We will now restrict ourselves to the transmission-line mode, for

which the angles

2rT z C  Z i i - z C
a

o 0

are sufficiently small that their sine s may he replaced by the angles and

their cosines by unity. Equations (34) - (37) may then be written

2TT z 2rr z
E = - (1 + j 

x 
c2) C 0H~ ...

(~~~

. +  .j 
~ 

c2) C H
X (38)

H = (~ 
~~~~~~~ 

l ) H
0

+ (.
~ 

Z::x 
+ l ) H

x

2rr z 2 1z
E =(4~+i A ) Q C H + ( f l~~

+ 3  ~~~)Q~
c0H~ 

(40)

Hy = ( 
~~~ 

—

~~~~

° C
2

+ 
1) 

Q
O

H~~ + (,
~

. 2TT :~~ c2+ l)Q~
H

~ 
(41)
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In these equations the quantities

~ ~ 
2 -rt z0 

2TT z
~~ 2

-

~~~~~~~, 
— , , and C (42)

n n A A
0 X 0 0

are all small in practice. Care is therefore necessary in making furthe r

approximations in Equations (38) and (40). However , Equations (39) and (41)

can safe ly be simplified to

H = H°+ H X (43)

( H  = Q H O + Q H X (44 )
Y O X  X X

These equations relate the two Carte sian components (H , H )  of the hon ..

zontal magnetic field of the wave at the earth’s surface to the quantities H°

and HX that measure the strengths of the 0 and X wave s at their re spective

levels of reflexion.

We now have to satisfy the boundary conditions at the earth ’s surface.

There is , of course , some leakage of energy into the earth from the earth-

ionosphere transmission line. We know how to calculate the corresponding

contribution to attenuation in the transmis sion line (Wait 1962) and we know

that it is additive to the ionospheric contribution. Since we are at present

intereste d in calculating the ionosphe ric contribution, we can take the

earth as a perfect conductor and write the boundary condition at the earth’s

surface as

20
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E = E 0, z 0 (45 )x y

It follows from Equations (38) and (40) that

I 2T T z~~ ZTT z
+ j °~ C2 

H~~ + ( ~ + ~ 
X C2 ‘

~IH ~ 0 (46)A i x ~ n A
O F  °

/ 2 r r z ~. 2ri z ~0 \ Q H 0 + ( ± + j  X \ Q H X O (47 )A / 0 x A / X x

Elimination of the ratio H
O /H X 

between this pair of equations gives the

equation for the value of C approp r iate to the transmission-line mode :

2ri z .~ i Zrr z ~ / Zrr z ~. / 2 i i z
• A 

° C’)(~
!+~ A X )~~~~..( 1 + . 

A O)(~
l
+~ 

A 
X cZ)Q

0 o X 0 0 0 X 0

(48 )

The solution of this equation is

• / 2 r T z0 . 1 \ 1 /z17zx . 1 \ 1

2 . 
°o ~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~C ~ 
_

- 

~ 1y ~~~X (2~~z 
~ ~~~~~~~ 0

The complex propagation constant along the earth-ionosphere transmission

line is then

Zir S
A 50

0

21 
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where

S = (1 — C2 )~~
2 (51)

2 ,, . . . .and C its given by Equation (49). The real part of S is the ratio of

velocity of light to the velocity of phase propagation in the earth-ionosphere

transmission line , while the imaginary part of expression (50) with the sign

reversed is the rate of attenuation in nepers per unit distance.

1.1 one is interested in the relative degree of excitation of the 0

and X waves, this is given by Equation (47) in the form

ZT T z
~~ 1

H° Q A ~~~

MX 
= - Q

0 
2 n z

0 - 

(52)

X x
0 0

If one is interested in the slight degree of horizontal elliptic polarization

existing at ground level , one divides Equation (44) by Equation (43) and uses

Equation (52) to obtain

, 2-rr z ~ J217 zI O . ~~~~~~~~I X . 1
H \ A  3 n j  \ A ~~~~

0 ° X (53)
H 

~~ (ZTT z
~~ 

~ \ ~~~j Z T T z  
.

Q
~~
\ A 3 ’kI Q

~ \ A

22
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4. Useful Analytical Approximations

While for numerical purposes there is no problem about making

mode calculations using Equations (49) - (5 3) , it should be noted that , for

analytical purposes , some further approximations can usefully be made.

Although all the quantities (42) are small, they are not of the same orde r

of smallness. In practice we have

2 n z  Z n z
<< A ‘ (54)

but we also have

2 ri z Zll z
±~~~~~ 

T~~~~~~ 
(55)

In consequence the brackets in Equation (40 ) simplify, whereas those in

E quation (38) do not , and a corre sponding statement applies for Equations

(46) and (47). Hence Equation (49) simplifie s to

1 1
A z

0
n

000 
- 

z~~n~~Q~~
C ~~ 1 ~ 

(56)

‘~o 0x

Moreover Equation (5 1) may usually be written approximately as

1 2
S =  l - .

~~C (57)

23
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with the result that the value of S to be used in the propagation constant

(50) is given by

1 1
A z n Q  z n Q

. 0 0 0 0  X X X
3 4rT 1 1

0
0

0
X

Likewise Equation (52) for the relative excitation of the 0 and X waves

becomes

0H Q z
= - —_~~~ 

_.2c. (59)
HX Q

0
z
0

while Equation (52) for the horizontal elliptic polarization at ground level

become s

H z - z0 X (60)H z zx O X

~ X~~~ O

The slight ellipticity in the horizontal field at ground level depends pri-

marily on the small difference in the heights of reflexion for the 0 and X

waves.

24
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5. Cold_Magneto-plasm a Relat ions

To apply the method s developed above , it is necessary to use

expressions for the complex refractive indices and polarization ratios of

the 0 and X waves. At ELF, it is desirable to take into account

ions , positive and negative , atomic and molecular. Five species of charge

carriers are therefore involved : elect rons (e), positive atomic ions (a+ ),

negative atomic ions (a - ) , positive molecular ions (m + ) , and negative

molecular ions (in -) . For each of these species we can define angular

magnetic gyro frequencies 
~~ Me ‘ + 

~ Ma+ 
-W~~~ , + W MIn+  and

notice that the definitions of “1Me’ ~~~~ - and Lu
M~~ - 

are such that they are

numerically negative. For each of the species we can define angular plasma

frequencies WNe ~Na + ‘ ~Na - ‘ ~Nm+ and W
N - 

. Moreove r we may

employ a collisional frequency 
~e for the elect rons and a collision fr equency

for the ions. In terms of these quantities we may define , for an angular

wave frequency ti , complex angula r gyro and plasma frequencie s as follows

(Booke r , 1975):

2 —

w
- 

Me ~ 2 - 
Ne

‘Me 
- - Ne 

- 

V

e - e
w w

w W a
= 

Ma+ ,.~a = Na+
Ma+ ~~~. 

Na+ V .
- i . 1l — j  — l — j —

Lu Lu

25
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Ma - = Na - = . 

•

- 

W M +  a - _ _ _ _ _ _

Mm + 
- 

V . Nm + 
- 

V.
1 . 1

1 — j —  1 — 3 —
w (U

2

‘I - 

W MIn - _ _ _ _ _ _

Mm- 
- 

V . Nm- 
- 

V .
1 . 1

1 — j  —
W W

Using these quantitie s , the longitudinal , tr ansverse and Hall susceptibilities

of a plasma at angular frequency w are respectively

~~~N ’  ~ T ~ ‘ ~ H j w  E (61)

For vertical propagation in the ionosphere at a latitude where the inclination

of the earth’ s magnetic field to the hori zontal is I, the complex refractive

indices of the 0 and X wave s are given by

2 1/2
no 1 + ‘~T 

- 

~ H ~ cos~ i ~ (1~~~
2 cos4l - sin2l) ~

= ( l +~ t ) (62)

2 (1 + ~
t L

) - ~~ - 
~
t T

) cos I

X

wher e
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(1 +~ t T
) ( (

L ~~~ ~ H
= 

~ H~’ 
+ 

~~~ 
(63)

The transition between quasi-longitudinal and quasi-transverse propagation t
occ urs where

2 sinI T I  = — 

2 (64)
cos I

At a magnetic pole of the earth the 0 and X wave s are the waves for which

the electromagnetic vectors rotate respectively in the left and right handed

senses round the positive direction of the earth ’s magnetic field . Except

at the magnetic equator the 0 and X wave s may also be referred to as

the L and R wave s respectively.

Care is necessary in evaluating the polarization ratios 0 used

in earlier sections because the axes of coordinates that it has been convenient

to use in this pape r diffe r from those ofte n used in the cold plasma wave theory.

The relation between the sets of axe s involved is shown itt Figure 3. The

axe s (x,y, z )  are those used in this paper, with z vertically upwards and y

in the horizontal direction of transmission in the earth-ionosphere transmission

line • Let us assume that thi s direction point s at an angle ~ east of magnetic

north. The axes (N , W , V) in Figure 3 have the respective directions of mag-

net ic nor th , magnetic west and the upward ve rtical. These are the axe s often

used by ionospherists in the cold plasma wave theory for vertical propagation.

The V axis coincide s with the z axis but the (E , N) axe s are rotated through an

• 
- 27
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Figure 3. illustrating the relation between the axe s (x , y, z), (X , Y , Z)

and (E , N , V).
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ang le ~ relative to the (x , y)  axe s. The polarization ratio commonl y used

in association with the (E , N , V)  axe s is

E
p (65 )EN

where E w and E N are the wester ly and northerly components of the

complex electric field of the wave. The polarization ratio that it has been

convenient to use in this paper is (E quations (28 ) and (29))

E
Q = - -i-- . (66) •

y

It is easily shown that the relation between the two is

- 
sin ~~+ P cos 

~ (67)- 

cos L~-P sin L,~

However , it must further be noticed that , if one is to make use of

the coefficients of susceptivity listed in Equations (61) in a susceptivity tensor

of the form

0

~ H ~ T 0 (68)

0 0

the axe s involved are those marked (X , Y , Z) in Figure 3, in which the X

axis is easterly and the Z axis is in the direction of the earth ’s magnetic

29
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fi eld . If one pe rforms the cold pla sma wave calculations with these axe s , one

uses the polarization ratios (Booker , 1975)

Ex 
- _ _ _ _ _ _

- 01 - 2 (69)
Y n - l - , t

E 
— - 

n2 cos l sin l

Y fl C O 8 I_ l _
~~~~

t
L

and in terms of these expressions the polarization ratio (65 ) is , from

Figure 3,

Q
i (71)Q

2 cos I - sin I

Substitution from this equation into Equation (67) then gives

sin I sin i~~- cos 
~~ 

cos I sin L~
- 

sin I cos ~~+ 01 sin ~~~~
- Q

2 cos i cos ,
~~~ (7~~

To obtain Q~~ and Q~~ for use in previous sections of this pape r , we use

for n2 in Equations (69) and (70) the values n~~ and n~ from Equations

(62) and then substitute into Equation (72).

It should be noted that the limiting value s of Q
2 in Equation (70)

at the equator (I = 0) are

0 wave
Q

2 =
~~( 0 X wave

This is because , for the 0 wave, the denominator of Q
2 also tends to zero .
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6. Quasi-transverse and Quasi- longitudinal Approximations

(a) Equatorial behavior

At the magnetic equator vertical propagation of the 0 wave involves

no westerly component of the electric vector , and tha t of the X wave

involves no northerly component. Hence

P = 0  P =
~~~~~ (73)o ‘ x

and it follows from Equation (67) that

- : Q
0

tan~~~~, ~~~~~~~~~~~~~~~~ (74 )

Substitution into Equations (58) , (59) and (60) then give s

= 1 - 

~~ 
a
~~+ ~~~~ . z~) (75)

0H zx x 2
— cot 

~ (76)x
y

H (z - z  ) sin z~~cos~~o _ x
1~I 2z sin A + z cos L

L~0 X

For equatorial propagation in the north-south direction (
~~ 0) we

deduce f r om Equation (76) that only the 0 wave is excited, and we ver ify

from Equation (75 ) that the propagation properties in the earth-ionosphere - 
-

transmission-line depend only on the ionospheric behavior of the 0 wave ;
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we also deduce from Equation (77) that the horizontal ellipti c polarization

at ground-level is linear (perpendicular to the direction of propagation).

Similar statements are true for the X wave for equatorial propagation in

the east-west direction (,
~ = -

~~ IT ).

We may note tha t, if the earth ’s magnetic field were completely

neglected , we would have

fl
O

= fl)~ 
~ R

(78)
= Z~~ = Z

R

and Equation (75 ) would becomes

x
s =  i - • _2- 1

R R

in accordance with Wait (1962 , p. 290) .

(b) Quasi-longitudinal behavior

Vertical propagation of the 0 and X wave s is quasi-longitudinal

at the level of reflection in the ELF band ove r a large part of the world .

Under these circumstances

j ,  
~ x ~ (80)

f rom which it follows that

= -j 
‘ Li (81)

and consequently that
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X ,
S =  l - j  —

~~~
( ---‘-— + ‘

—
1 (82)8IT \z0n0 ~~~~~~

0H z
= —

~~~ (83)
HX z 0

and

H z - z
__1 . ~ x (84)

X 0 X

Since z
0 

and z~ are normally not very different numerically, we

deduce from Equation (84) that the transmission-line mode, under quasi-

longitudinal conditions in the ionosphere , is nearly but not quite linearly

polarized perpendicular to the direction of propagation, and from

Equation (83) that the degree of excitation of the 0 and X waves at their

respective levels of reflection is nearly but not quite the same.

We can also see from Equation (82) that , so far as S is concerned,

the effe cts of the 0 and X wave s are mathematically additive. However ,

the corresponding- physical significance requires a rather different statement.

At the level of ELF reflection under quasi-longitudinal conditions the 0

wave behave s largely evanescently and n
0 

in Equation (82) is close to a

pure imaginary, whereas the X wave is the whistler mode and n
~ 

in

Equation (82) is close to a real quantity. This meant that the 0 wave term

in Equation (82) contributes mainly to the real part of S and therefore to the

departure of the velocity of propagation in the earth-ionosphere transmission-

line from c • On the other hand, the X wave term in Equation (82) con-

tributes mainly to the imaginary part of S and therefore to the rate of
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attenuation. In othe r word s , the modification itt the velocity of t ransmission

of ELF wave s is associated mainly with storage of energy by the 0 wave

immediately above the level of reflexion, whereas attenuation of ELF waves in

the earth-ionosphere transmission line due to leakage of energy into the region

above the level of reflexion is associated mainly with the X wave (the whistle r wave).

(c) Relative importance of the quasi- long itudina l and quasi-
transverse approximations

In the ELF band there is a drast ic  difference between the practical

importance of the quasi-longitudinal approximation and that of the quasi-

t ransverse approximation. Application of Equation (64) shows that , for

vertical transmission in the ionosphere in this band , propagation is quasi-

longitud ina l at practically all latitudes. The change from quasi-longitudinal

to quasi-transverse propagation occurs extremely close to the magnetic

equator. Eve n at a magnetic latitude of 1
0

, vertical propagation is quasi-

longitudinal at all heig hts and all frequencie s less than 300 hz . At these

frequencie s , therefore , the equatorial zone where there can be any significant

departure from quasi-longitudinal propagation is less than X / ( Z I T )  in width ,

and consequently has little influence on world-wide propagation of ELF wave s

in the earth-ionosphere transmission line .

The almost complete dominance of the quasi-longitudinal approximation

for calculation of ELF propagation in the earth-ionosphere transmission line

has a practical consequence of the greatest importance. Unde r quasi-longitudinal

or qua si-transverse conditions coupling between the 0 and X waves is unim-

portant. It is only in the transition between quasi-longitudinal and

34
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quasi-transverse propagation that coupling is liable to be important , and

even then not at all heights. The almost complete dominance of the quasi-

longitudina l approximation implies , the refore , that coupling between the 0

and X wave s is unlikely to be of practical importance for ELF communica-

tions. This constitutes a major simplification in the theory of ELF propaga-

tion in the earth-ionosp here transmission line.

7. The Frequency Dependence of the Height of Refiexion

The general character of the frequency dependence of the height of

reflexion g iven by Equation (22 ) may be illustrated in the following way.

Except very close to the equator , vertical propagation in the ionosphere at

ELF is quasi-longitudinal. Moreover , as we move above the level where

~w sin I
~ (85)e Me

electronic collisions contribute a relative minor correction to the magnitude

of the complex refractive index. Since the level (85) is about 70 km except

near the equator and since the level (22) is frequently above the level (85 ),

electronic collisions often have only a limited influence in dete rmining

the level of reflexion.

On the other hand , for ions of angular gyro frequency W Mi~~ 
the

level

v .  = ~ UJ . Sifl I I  (86)
Mi



r~ ~~ 
- - - - - —-

occurs at about 120 km or hi gher and is appreciably above the leve l of ELF

reflexion. Below the level (86 ) the ions are preve nted by collisions from devel-

oping much motion and consequent l y f rom cont r ibut ing  in a major way to the

magnitude of the complex r e f r ac t ive  index. Even at frequencies below the

ionic gyro frequency, it is only above the leve l (86) that the 0 and

X wave s develop Alfve n behavior. Between the levels (85) and (86),

whistler -band behavior extends downwards in f requency below the ionic

gyro-f requency because the ions are largely held at rest  b y collisions.

Consequently, over the ent i re  ELF band and over most of the world , usefu l

approximations to the refractive indice s of the 0 and X wave s are often

provided by the whistler-band formulae

2~~~n 1 2
0 i  Lu

— Ne
1 + . ( 8 7 )

2 1  u J i w  sin liMe

For an exponential increase of electron density with hei ght (scale

height h) , Equation (87) has the form of Equation ( 1) with

0 0 wave (88)

X wave . ( 8 9 )

The corresponding values of y in Fi gure 1 are

y (0) 2. 00 0 wave (90)

y frr ) = 2 .57  X wave . ( 9 1 )
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If the quantity

N (92 )
W M I

evaluated at the reference height z a is written w , and if the unity in

Equation (87) is dropped , the height variations of the refr active indices

of the 0 and X waves become

2n
0 Lu

= + 
._a exp z - a  (93)

2 
Lu

n x
So that

1/2
1 w  ‘

= 

~~~~ 
) exp (94)

Equation (22) for the heights of reflexion z 0 and Z X of the 0 and X

waves therefore gives

1w \ z - a  A
1 0 1  0 1 0

\— / exp 2h 
= -;;;-~5~ Zit h 

(95)

1/2
/ w  ~ z - a  A

X 1 0
\— / exp 2h = 

~~(~~) i~~~i 
(96)
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From these equations we deduce the following approximate expressions for

the ELF reflexion heights:

a + Z h  in [c / ~y ( 0) ( w w ) 1/2 h 1] (97 )

= a + Zh in [cI [y( ~~) ( WLU ) 1/2 h ] ]  (98)

Equations (97) and (98) illustrate the fact that heights of

reflexion in the ELF band increase as the frequency decreases.  This

behav ior continues below the ionic gyro-frequency until tunnel-effect through

to the Alfven region above the level (86) results in penetration of the

ionosphere at micropulsation frequencies. The rise in the level of reflec-

tion as we go down in frequency through the ELF band, culminating in

pene tration of the ionosphere in the micropulsation band , is to be compared

and contrasted with the rise in the level of reflexion as we go up in fre-

quency through the LF, MI and HF bands , culminating in penetration of the

ionosphere in the VHF band.

Because y(O) < y (rr ) in accordance with Equations (90) and (91),

it follows from Equations (97) and (98) that a
0
> z~~. This illustrates the

fact that the level of reflexion for the 0 wave in the ELF band is normally

a little greater than that for the X wave.

Finally, let us deduce , for refractive index profile s based on Equations

(87), the propagation propertie s of the transmission-line mode in the earth-

ionosphere wave -guide . From Equations (93)-(96), the complex refractive

. 
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indices for the 0 and X waves at their respective levels of reflexion may

be writ ten

A. 1 0n = —j — (99)
0 v ( O)  2 I T h

n = L .....2— (100)
x y(rr ) 2-n h

Substitution into Equat ion (82 ) then gives

S 1~~~~~v-
(
-~~ ~~~~~~~~~~~~~~~~~~~~~~ - ( 101)
4 z0 4

For a profile that is not precisely exponential we would deduce the scale

height from Equation (23) and obtain slightl y dif ferent values h
0 

and h
~ 

at

the levels z0 and z~ respectively. Equation (101) would then become

5 = 1 + ~~2.i .~~9 - 
~ 

y..iu-~ _-
~~~ (102 )4 4 z

or , using Equations (90) and (9 1),

h h
S 1 + 0. 5 0  - j 0.64 —

~~~~ (103)
0 X

It follows that , ove r a large part of the world under commonly encountered

ionospheric conditions , the phase velocity in the earth-ionosphere transmission

line is dec reased below the velocity of light by approximate ly the fraction

39

- 

—~~ -~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~ -- - -~~~~~ --~~~~~~~~~



F -~~~~~~L~~~~~~~ _ _ _ _ _  _ _ _ _

h
0.50 (104)

0

while the attention rate due to leakage into the uppe r ionosphere in nepers per

A ~ / (2 rr ) is approximately

h

0. 64 —
~~~~ (105)

In decibels per megameter at a f requency f measured in hertz , the attenua-

tion rate is approximately

Ii
0. 117 f —

~~~~ ( 106)
x

8. Absorpt ion below the level ol reflexiori

The method that we have devised for calculating attenuation in the

earth-ionosphere transmission line at ELF take s account of the leakage of

energy into the ionosphere above the level of reflexion , but it does not take

account of collisional absorption of energy below the level of reflexion. For

an engineering t ransmiss ion line the leakage-loss would be called “metal-

loss ” or “series-loss, “ while absorption between the conductors would be

called “dielectric -loss” or “shunt-loss “ For the earth-ionosphere trans-

mission line we have taken account of the series-loss but we have not yet

discussed the shunt-loss.
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Calculations to be reported in a later paper show that shunt - loss is

small compared with ser ies- loss  in the ELF band under a wide variety of

c i rcumstances .  Neve rtheless , it is clearly possible to devise an ionospheric

profile for which the shunt - loss is comparable with or larger than the series-

loss. It is desirable , therefore , to have a method for estimating attenuation

in the earth-it .nosp here t ransmission line due to collisional absorption below

the level of reflexion. The method described below is similar to that used

for taking into account conductivity of the insulating material between the

conductors of an engineering transmission line.

Between the earth’s surface and the leve l of reflexion in the ELF band

the electric field of a wave in the earth-ionosphere transmission line is practi-

cally vertical. Because some plasma is present , the medium possesses

conductivity. It is the loss due to this conductivity that we have to calculate ,

taking into account the effect of the earth ’s magnetic fie ld . Using the axe s

(X , Y , Z) in Figure 3, the conductivity is described by means of the con-

ductivity tensor

a
T 0 

/ 

(107)

0

This tensor is j~u e  time s the susceptivity tensor (68) so that , from

Equations (61),
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H~~~~ 2 2 (108 )
- — 1 )  —~~~l

M

At a location where  the ver t ica l  e lec t r ic  field in the transmission line

is .E and the inclination of the ear th ’ s magnet ic  field to the horizontal is I

the cartesian components of the electric field for the axe s (X , Y, Z) in Figure 3

are give n by

E = (0 , cos I, sin I) E (109)

and those of the cur ren t  densit y are given by

= cos I, cos ~ L 
sin I )E  (110)

Hence

E .  = 
~~~~~~~~~ 

cos
2
l + 

~ L 
sin

2
l)E

2 (111)

and the ene rgy absorbed per unit volume is

r R (
~~T

) co s
2
l + R(

~~L
) sin

2l)  E
2 ( 112)

whe re R denote s real part, and E is the rms field. The rate of horizontal

flow of energy per uni t  area at the same location is

R ( n )  ~ ~ E 2 (113)
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where  n is the re fract ive  index at th is  location and is the impedance

of free space (377 ohms). By dividing expression (112) by expression (113)

we see that the f rac tion of e n e r gy  removed from the horizontal  flow per unit

horizontal distance is

~~ 
[R ( n )  }~ 

1 (R( ’~~ ) cos
2
l + R( C T ) sin 2

i I  . (114)

If we assume that the hor izon ta l  flow of energy in the earth-ionosphere trans-

mission line is approximatel y uniform between the surface of the earth and

the level of re fj ex ion  Z
R 

, it follows that the rate of attenuation in decibels

per unit distance due to collisiona l absorption below the level of reflexion Z
R

is approximately

4 .343  ~ z~~ f fR ( n ) F~ [R( a T ) cos 2l + R(
~~L

) sin 2l} dz (1 15)

The question a r i ses  as to whethe r the refractive index n and the

level of reflexion Z
R 

ifl Equation (115) are those appropriate to the 0 wave,

those appropriate to the X wave, or some average of the two. At the lowe r

ionosphe ric levels , n0 
and n~ are rot substantially different and it makes

little di f ference which is used. However , above the level corresponding to

Equation (85), n
0 

and n~~ are substantially different as illustrated in Equa -

tions (87). Moreove r it is then the X wave that sustains the flow of

energy,  the 0 wave being largely evanescent.  We the refore take n in
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expression (115) to be n~~, and Z
R 

to be z~~. It follows that a reasonable

estimate of the rate of at tenuation in decibels per unit  distance due to

collisional absorption below the level of reflexion is

~~~~~ ~~~~~ 
~ o 

Z~~~~ f  [R(n
x

) } ~ {R( ~~~ ) cos
2
l ÷ R (a L

) sin
2

l }  dz (116)

In the course of calculating n0 and n~ in Equations (62), the

quantit ies 
~ L ~T and in Equations (6 1) are calculated; consequently

the value s of the quanti t ies  
~ L ’ a

T and in Equations (108) are available

as functions of height z . All the quantitie s in expression (116) are therefore

immediately available , and the integral can easily be calculated numerically with-

out further  approximation. It may be noted however that , at the levels involved,

the angular  frequency Lu in the ELF band is small compared with both the

electronic and ionic collisional frequencie s ‘
~e and . Consequently the

conductivities a
T and in expression (116) have substantially their d. c.

value s and the quantity R( C T
T

) cos
2
l + R( CT L

) sin 2
l in the integrand is

approximately equal to

2 2 2 2 2 2 . 2 2
Lu s i n l + V  w . w . s i n I + ’ ~~.Ne Me e 

+ 
Ni Mi 1 (117)

2 2 ~~~. 
2 2

e U M +\ )  1

where -n is the angula r plasma frequency for the ions (positive and
-~~~~~~~ Ni

negative).
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9. Application of the theory

For given ionospheric profile s of electron density, ion density,

electronic collisional frequency and ionic collisional frequency, we have

devised an approximate method of calculating, for the earth-ionosphere

transmission line at ELF , (i) the velocity of phase propagation , (ii) the

rate of attenuation due to leakage of energy into the ionosphere above the

level of reflexion , and (iii) the rate of attenuation due to collisional absorp-

tion below the leve l of reflexion. The calculations are affected in a major

way by the presence of the earth ’s magnetic field . Even though propaga-

tion is quasi-longitudinal except almost exactly at the magnetic equator,

the inclination of the earth ’s magnetic field to the horizontal enters as a

paramete r and causes substantial variation with latitude in the velocity

and attenuation rate in the earth-ionosphere transmission line .

Additional dependence of the velocity and attenuation rate on latitude

arises fr om the variation, between the equator and the poles, of the

ionospheric profile s of ionization density . In principle, it is possible to

- 
allow for all of these fe ature s, and to study the variations of the velocity

and attenuation rate with time of day , latitude , season of the year , and epoch

in the sunspot cycle . In addition , it is possible to perform the calculations

• for profile s representative of sudden ionospheric disturbances and pola r

cap absorption events.
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Because application of the the ory developed in this pape r is inexpensive ,

it is not only possible but easy to use it to explore the way in which ELF

propagation depends on all of these phe nomena . The re sults of such an attempt

at a comprehensive approximate theoretical treatment of the various features

of ELF communications will be presented in a forthcoming paper.
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Abstract

An approximate method, based on a wave-solution, is used to sketch

the dependence of ELF propagation ~n the earth-ionosphere transmission

line on time of day , latitude , season of the year , epoch in the sunspot cycle ,

and occurrence of sudden ionospheric disturbances and polar cap absorp-

tion events. As the frequency de scends through the ELF band , penetration

of the D region occurs in succession for the 0 and X waves, leading to

reflexion from the E reg ion at the Schumann resonant frequency. Under

quiet day-time ionospheric conditions the penetration frequency-band is

around 20-60 hz in middle and high latitudes, but around 75-150 hz near the

equator. At a frequency low e nough to be refle cted primarily from the E

region under quiet ionospheric conditions, an increase in D region ioniza-

tion that is just sufficient to transfer primary refie xion from the E region

to the D region results in an increase in the rate of attenuation. On the

other hand, when once reflexion is firmly established at the lower level,

further increase of ionization in the D region causes a reduction in the rate

of attenuation. Similar effects are expected to occur at night in association

with a sub-E region ledge of ionization. Small variations in the ionization

profi le of such a ledge are the likely cause of night-time fluctuations of

transmission at 45 and 75 hz.
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1 . Introduction

In a re cent pape r (Booke r and Lefeuvre , 1977), to be referred to as

paper 1 , a relatively inexpensive approximate method is developed for cal-

culating propagation at ELF in the earth-ionosphere transmission line taking

account of simple profile s of electron density and of other ionospheric

parameters. In the present paper an attempt is made to apply this theory

on a world -wide scale . We investigate the type s of changes that

can be expected in ELF communications with time of day, latitude ,

season of the year , and epoch in the sunspot cycle . We also investigate the

likel y e ffe cts on ELF communications of sudden ionospheric disturbances

and polar cap absorption eve nts.

The theory developed in pape r 1 is based on a wave-solution, but

neve rtheless substantial approximations are involved. The basic wave -

solution is that for an exponentially increasing electron-density given by

Budden (1961) and by Wait (1962). At ELF , 1/ (2rr ) times the wavelength )~

in free space is large compared with the scale-heig ht. Approximations on

this basis are feasible , and they greatly simplify the handling of propaga-

tion at ELF. There is a reflecting stratum the thickness of which is about

one scale -height h , defi ned in terms of the profile of the square of refrac-

tive index. The center of the reflecting stratum occur s where l / ( 2r r ) time s

the local wavelength X is equal to y time s the local scale -height h , where

y is a factor that lie s between 2 and 3. Above the reflecting stratum the

medium can be assumed to be slowly va ry ing , and he re the direction of phas~
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propagation can nearly always be assumed to be approximately vertical

regardless of the direct ions of propagation of the incident and refle cted

wave s below the ionosphv re .  It is shown in paper 1 that almost the same

complex reflexion coefficient is obtained if the ionosphere below the center

of the reflecting stratum is abolished and the ionosphere above the center

of the reflecting stratum is treated as a slowly varying medium.

In this way the concept that the ionosphe re can be regarded as having

a discontinuo-u~ lowe r boundary at ELF is analytically justified in pape r 1.

Moreove r a method is de duced for deriving from an ionospheric profile the

leve l at which the discontinuity should be placed and the characteristics that

sh ould be assumed for the ionosphe re above this level. It is shown in

p ap er  1 that the leve l of reflexion at ELF is independent of the angle of

incidence upon the ionosphe re . The level doe s , howeve r , depend on fre-

quency. A wave penetrates furthe r into the ionosphe re as the frequency

descends th rough the ELF band.

Ove r the entire radi o spectrum, the frequency where the height of

reflexion from the ionosphere has its lowest value occurs in the VLF band.

As the frequency is shifted eithe r upwards or downwards from the VLF

band , a radio wave penetrates furthe r into the ionosphe re , and it ultimately

pie rces the ionosphe re at VHF on the high freque ncy side and at micro-

pulsation frequencies on the low frequency side . It is in the VLF band where

the theory of ionospheric propagation is most difficult to handle . Simplifi-

cations can be introduced both as the frequency is raised above VhF and as

I
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it is lowered below VLF. It was the objective of pap er  1 to develop these

simplifications in a form convenient to apply in the frequency range

7. 5-300 hz. It is the objective of this paper to explore the consequences

of apply ing these ideas numerically in as comprehensive a manner as

seems possible at the pre sent time .

The re sults obtained in this paper diffe r substantially from those of

previou s authors (Wait , 1958; Chapman and Jone s , 1964; Madden and

Thompson, 1965; Jones, 1967; Large and Wait , 1968; Galejs , 1972;

Pappert and Moler, 1974). Part of the reason for this may be that we have

taken into account the effect of the earth ’s magnetic fie ld more completely

than have many previ ous authors. In one case , howeve r (Pappert and Moler.

1974), a reason for the difference could be that we have not taken the effect of

the earth ’s magnetic field into account sufficiently completely. The approxi-

mations developed in paper 1 are rathe r diffe rent from those used by previous

authors. The method of approximation has been designed to take ionospheric

profile s into account inexpensively but neve rtheless with reasonable accuracy,

and to do so in such a way as to be able to pinpoint the cause s of the various

phenome na encounte red . However , we doubt that the substantial differences

between our results and those of previous authors are primarily associated

either with the method of calculation or with the degree to which the effect

of the earth ’s magnetic field has been taken into account.

During the past decade , major progress has been made in the extent

in which the day-time profile of ionospheric electron density below 100 km

is understood. This has arisen large ly through the application of in situ

t
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rocket techniques (Mechtly and Smith , 1968; Mechtly, Rao, Skaperdas and

Smith , 1969; Mechtly and Smith , 1970; Mechtly, Bowhill and Smith, 1972;

Mechtly and Bilitza , 1 974). These and other investigations have culminated

in the day-time profile s current l y being proposed for the International Refe r-

ence Ionosphe re (Rawer,  Ramakrishnan and Bilitza , 1975). In this paper we

use day-time profile s of electron density based on thi s work. These pro-

file s diffe r substantially from those used by pre viou s authors in studies of

day-time ELF propagation in the earth-ionosphe re transmission line. We

believe that the use of up-to-date profile s of electron density is the princi-

pal reason for the substantial difference s existing between our re sults and

those of previous authors.

While the day-time profile of electron density below 100 kin has been

the subject of intensive studie s during the past decade , it is difficult to say

the same for the night-time profile . Unde r normal ionosphe ric conditions

the re is virtually no D laye r to be studied at night in the 60-80 km region, and

the details of the profile of electron density below 100 km have lit tle influence

on HF communications. This is not true , howeve r , at VLF (Berry and

Davis , 1976 ; Morfitt , 1976), nor is it true at ELF.

Based on the work of Soboleva (19 ), profiles of electron density for

the night-time ionosphe re have been proposed for the Inte rnational Reference

Ionosphe re by Rawe r , Ramakrishnan and Bilitza (1975), and in the present

paper we attempt to use night-time profiles of this type . The attempt leads,

however , to the unacceptable conclusion that the Schumann resonance

4
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(Schumann, 1952a , 19 52b , 1952c , 1954, 1957) in the earth-ionosphere cavity

would not be obse rvable. We have therefore devised a modified night-time

profile of electron densi ty  more acceptable for describing ELF phe nomena.

This profile is, however, substantially different from the profiles used by

previou s authors for study of ELF propagation in the earth-ionosphere

transmission line and le ad s to substantially different re sults.

2 . Effect of the earth ’s magnetic field

In this investigation , the earth’ s magnetic field is take n to be that of

a central di pole: di f ferences  between magnetic, geomagnetic and geo-

graphic latitude are ignored . Allowance for the effect of the earth’s mag-

netic field at ELF is greatly simplified by the fact that phase propagation

in the ionosphe re is approximately ve rtical re gardless of the dire ctions of

the incident and reflected wave s below the ionosphe re . It is also greatly

simplified by the fact that vertical propagation in the ionosphere at ELF is

quasi-longitudinal except almost exactly at the equator. As one approache s

the equator it is only within the last degree of latitude that vertical propaga-

tion switches from quasi-longitudinal to quasi-transverse behavior. At

frequencies less than 300 hz , the equatorial zone in which vertical propaga-

tion departs from quasi-longitudinal behavior is less than X /(2-n ) in width,

and consequently a wave in the earth-ionosphere transmission line scarcely

respond s to the existence of the zone . Neve rtheless, in the calculations

reported in this pape r no algebraic approximations based on the quasi-

longitudinal approximation have been introduced.

5
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The fact that propagation in the ionosphe re at ELF is predominantly

quasi-longitudinal is important in thi s investigation for the following reason.

We have assumed no coupling be tween propagation of the ordinary and

extraordinary waves. In the coupled wave-equations for the 0 and X waves

we have calculated , at all heights in all cases , the ratio of the coupling

terms to the other terms, in orde r to monitor the degree of coupling likely

to exist. The coupling terms were always found to be small, although they

rose in significance at latitudes a fraction of a degree on either side of the

equator where the transit ion from quasi-longitudinal to quasi-transverse

• propagation take s place. The assum ption of independence of propagation

of the 0 and X wave s is the refore justified . The reason for near inde-

pendence of propagation of the 0 and X wave s under a wide range of condi-

tions at ELF is the dominance of the quasi-longitudinal type of propagation.

When propagation in the ionosphe re is practically vertical and its

characte r is quasi-longitudinal, ELF propagation in the earth-ionosphe re

transmission line is not ve ry dependent on the azimuthal angle ~ between

the magnetic me ridian and the vertical plane of propagation. The locations

where a major dependence on ~ might be expected are in the neighborhood

of the equator whe re departure from quasi-longitudinal propagation take s

place . Eve n here , howeve r , the dependence on ~ turned out to be numeri-

cally small in our calculations in spite of the fact that , at the equator , the

wave transmitted into the ionosphe re is the 0 wave for ~~ = 00  and the X

wave for ~ 90° . In consequence , the angle between the magnetic meridian

and the vertical plane of propagation in the earth-ionosphe re transmission
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line doe s not appear as a paramete r in the diagrams and table s of thi s

pape r , even thoug h A doe s appear in the formulae of paper 1. Calcula-

tions have been carr ied  out both for A = 0° and A = 90° , but only the

curve s for A = 90° are presented.

It should be noted that Pappert and Mole r (1974) also obtained no

appreciable variat ion with A for ELF propagation in the earth-ionosphe re

transmission line at high latitudes. At lowe r latitudes, however , their varia-

tion with A is considerably greate r than ours. Their results imply that sub-

stantial reflexion occurs near the bottom of the ionosphere where the refrac-

tive index is not radically different from unity and the transmitted wave is

consequently not approximately vertical. We would not expect such low-level

reflexion even for their model of the ionosphere unless it were caused inad-

vertently by a step-by-s tep  computer integration process.

3. Calculation of propagation velocity and attenuation rate

The method devised in paper 1 for approximately calculating the

velocity v of phase propaga tion in the earth-ionosphere transmission line ,

and the attenuation rate 0. due to leakage of energg- into the region above

the level of reflexion may be summarized as follows.

We consider a g ive n location on the earth ’s surface (fo r example ,

a pole). We select appropriate profile s of ionization density ve r sus height

(fo r example , those shown in Figure 1). We select an angula r frequency w

(for example , that corresponding to 45 hz) and , using the cold plasma theory

for vertical propagation , we calculate as functions of height the complex

‘
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Figure 1. A simple ionosphe ric profile used for illustrating the method
of calculation .
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refractive indices n
0 

and n~~ for the 0 and X waves as shown in Figure 2.

We also calculate the corresponding polarization ratios and

defined in pape r 1 but not shown in Figure 2.

From the value s of n0 and n
~ 

we calculate the local

wavelengths

— 
Z n c  ~ — 

Z T T c I
X

O 

- 
!~ T~~i ’  X x - 

~~~~ 
i n ~ i 

(1)

and the local scale-heights

1 d 2 1 d 2
h

0 
= 2 ~~

— (n
e

- 1), hx 2 i~ 
(n

~~
_ 1) (2)

n0 - 1

We then take the centers of the reflecting strata for the 0 and X wave s

to be at the heights given by

X Q 
_ _ _

2~rh 0 
“ 0 ‘ ZTr hX ~“ x (3)

where the first  approximations to and are

= 2 .0  = 2.57 (4)

In pap er  1 a method of successive approximation to the value s of and

is described. Thi s has been systematically applied in this paper ,

although experience showed that the first  approximation was nearly always

adequate .
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Figure 2. Height variations of the complex reflective indices for the 0
and X waves at a magnetic pole for a frequency of 45 hz using
the profile illustrated in Figure 1. - 
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A convenient way of locating the height z0 of the center of the

reflecting stratum for the 0 wave is to d raw X
0

/ ( 2 r r h
0) as a function of

height as shown in Figure 3. The value of z
0 is then the height where

thi s curve crosses the ordinate . A similar procedure applie s for the

X wave , using the ordinate . The two curve s for X
0

/ ( 2 r r h
0

) and

X x /(Z1T l
~x

) are no nea rly identical that they cannot be separately drawn in

Figure 3. In thi s diagram the intersections dete rmining the levels z0 and

z~~ are marked by an 0 and an X . Using these value s of z
0 and

together with the value s of the scale heights h
0 

and hx at these levels , we

may mark the locations of the reflecting strata for the 0 and X wave s on

Figure 2 as shown.

From Figure 2 may be read the value s of n0 and n~ corre sponding

to the levels of reflexion z0 
and z

~~ 
for the 0 and X wave s, re spectively,

and from curve s for the polarization ratios we may also read the correspond-

ing value s of and For the velocity and attenuation rate in the

earth-ionosphere transmission line , the value s of c/v and of 0. (in decibels

per unit distance) are then given by (see paper 1, section 3)

c/v R(S) , o. -8.686 ( w / c )  I(S) (5)

where R and I denote real and imagina ry parts , and

(2rr z0 . 1 1 (2rr z~ . 1 1

S
2

= l -  
°o \ x 0 

3
~~~ J~~~~~~x \  X 0 ~~~~~~~ 6

12rr z0 1 \Zrr z
~ / 2 T~~

z
X . 1 

\ZT T z0 ~
~~~~~~~~~~ X 0 ~~~~ / ~0 ~~X \ X 0 ~~~J x 0

11
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Figure 3. Illustrating the method for estimating the heights of the centers
of the reflecting strata for the 0 and X wave s (freque ncy 45 hz ,
magnetic pole , profile illustrated in Figure 1).
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While most of the attenuation in the earth-ionosphere transmission

line is normally due to leakage of energy into the part  of the ionosphe re

above the level of reflexion, some attenuation is also caused by collisional

absorption below the level of reflexion. An integral for estimating the latter

attenuation rate a ’ is given by expression (116) in pap er  1. The total iono-

sphe n c  attenuation rate is then a + 0.’ . It is the value s for 0. + cx ’ that

are quoted in this paper except where otherwise indicated.

To the ionospheric attenuation rate it is also necessary to add the

attenuation rate due to leakage into the earth, calculated as described by

Wait (1962) and Galejs (1972). Likewise to the value of (d v) - 1 calculated

for the ionosphere in accordance with the first  of Equations (5) must be

added the value of (d v) - 1 associated with skin-effect at the earth ’s

surface in order to obtain the overall value of (d v) - 1 .

4. Ionospheric profile s

In constructing a set of ionospheric profile s to describe world-

wide propagation at ELF in the earth-ionospheric transmission line we have

attempted to follow the profiles proposed by Rawer , Ramakrishnan and

Bilitza (1975) for the Inte rnational Reference Ionosphere. These profiles

are at present only available for two latitudes, for two times of day , for a

few months of the year , and for sunspot numbers of 10 and 100. Consid-

erable interpolation and extrapolation is therefore necessary to obtain a

comprehensive set of profile s for world -wide application under all circum-

stances.

13
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In view of the necessity for this interpolation and extrapolation,

some simplifications are made in the RRB profiles. Their midday

profiles have rough ly the same shape . We have used precisely the same

shape at all latitudes. However we have varied the electron densities in

the D and E reg ions proportionally to squa re root of the sun ’s zenith

angle 
~ 

. In this way we arrive at the set of day-time profi les of electron

density indicated in Figure 4; only the profiles for X 0° and X = 75 °

are shown. For the variation with the sunspot number R we have

assumed that electron densitie s in the day-time D and E regions are

1/2proportional to ( 1 + 0. 01 R)

The profile s we re repre sented as analytic functions of height using

the method of Booker ( 19 7 7 ) .  In this model, electron density N is ex-

pressed as a function of height z by means of the equation

log 10 N = log 10 N + A01
(z - z )

= 
n~~ 1 

(A n , +i 
- A

n i . 
) [ f(z - z , B )  - f(z - z , B ) )  (7)

where

f(z , B) = B ’ ln ( 1  + exp(Bz) 1 (8)

For the day-time profiles adopted (Figure 4), the parameters m, N
0
, Z

A and B in Equation (7) have the values listed in Table 1.n—l ,n n

14
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Table 1

Qu iet day profi le of electron dens ity (F igure 4)

m=5, N0=2.12 x 10~ (1 + O.O1R)L’2 cos 112
~, z~=200

n 1 2 3 4 5

z~ 62.5 82.5 84 100 120
A~_1 ,~ 0.2 0. 001 i.5 0.03125 0.0 0.0025

B~ 0.5 2.0 1 .5  0.2 0.2

- 
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The night-time RRB profile s we re idealized to those shown in

Figure 5. These are represented analytically by means of Equation (7)

with the parameters listed in Table 2, where Ft denote s latitude . It was

assumed that no variation of maximum electron density in the E region

take s place during the night hours but that the maximum electron density

increases by a factor of 4 in going from the equator to a pole. The depend-

ence upon sunspot number at night was assumed to involve proporti onality

of electron density to (1 + 0 . 0 2  R )
h / Z  

.

While the day-time profiles shown in Figure 4 were found to work

satisfactorily, the night-time profile s shown in Figure 5 lead to

the conclusion that the Schumann resonance would be unobservable (see

next section). We were therefore forced to reject the night profiles shown

in Figure 5. By trial and error we arrived at new night profiles shown in

Figure 6. These are represented analytically by means of Equation (7) with

the parameters listed in Table 3. In arriving at these new night profile s

note was taken of the profiles that have been found necessary for the explana-

tion of VLF propagation at night (Morfitt, 1976). However, the profiles in

Figure 6 were primarily adjusted to obtain results at 7. 5 hz that permit the

Schumann resonance to exist, and to obtain propagation velocities at 75 hz

that are of the order of magnitude observed by Hughes and Gallenberger

(1974).
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Table 2

Rejected quiet night profile of electron density (Figure 5)

m=3, N0 1.83 x 10~ (1 + 0.02R)1’2 (1 - 0.6 cos 2A), z0 220

n 1 2 3

96 112 127
An_i ,n 0.225 0.0 -0.l0~ 0.0l~

Bn 0.2 0.2 0.2

Table 3
Accepted quiet night profile of electron density (Figure 6)

m=5, Il
~
=l.83 x ~~ (1 + 0.02R)~

”2 (1 - 0.6 cos 2A), z0=220

n 1 2 3 4 5

z~ 80 89 90 112 127
A~_1 ,~ 0.75 0.0 0.75 0.0022727 -0.103 0.016

B~ 0.65 2 .0 2.0 0.3 0.2
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When the calculations reported in thi s paper had been carried

out it was possible to identif y respects in which the profile s shown in

Figures 4 and 6 could be improved. In particular , although the night-

time profile s in Figure 6 have been used for quiet ionospheric conditions ,

in fact they probably correspond to a slightly disturbed innosphere .

Under quiet night-time ionospheric conditions the electron densitie s

in the sub-E region ledge shown in Figure 6 should probably be

somewhat smaller.

In orde r to study the effects on ELF communications of enhanced

ionization below the E region, calculations were performed for the serie s

of profiles of electron density shown in Figure 7. The profile marked 0

is the profile already adopted for latitude 75° at midday unde r quiet condi-

tions. For the profile s marked 1, 2 and 3 in Figure 7, the D region

electron-density has been increased by 1, 2 and 3 powers of ten, respec-

tively. A simila r series of profile s for night conditions is shown in

Figure 8. Profile 3 might be appropriate to a polar cap absorption event

and profiles 1 and 2 to solar particle events of lesser intensity. A sudden

ionospheric disturbance associated with a solar flare might correspond to

profile 1 in Figure 7 extrapolated to the rest of the day-time ionosphe re

on the assumption that the electron density is proportional to cos~~~
2 

~~~~~

21

~~ I.-_--- 
-

~~~~~~~

- - 

~ 

-. 

~~~

—

~~~~~

,
- -

~~~

- A~1 - - - - -~- --~~~- - - - --.—-- ---~~~
---- .- -~~~~~~~~~~~~~~-- - -~~~~~--~~~- - -- -



wr~ ’r-w—-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_______________

125 I I I

PROFILES OF

ELECTONS
(00 - DAY

C,)

Li

u-I

~ 0 I 2 3

I—
=

Li
=

50 - 
-

25 I I I I - I

10
6 (08 id2

—3
- ELECTRON DENSITY IN METER

Figure 7. Illustrating three degrees of disturbance in the midday profile
of electron density at latitude 75°.
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Figure 8. Illustrating three degrees of disturbance in the night-time
profile of electron density at latitude 75° .
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At ELF, ions play an impor tant pr opagat ion role - - mainly the ions 
—

required to neutralize the electrons. Near the bottom of the ionosphere,

however , negative ions are potentially important . The profile s assumed for

negative ions are shown in Figure 9 (day) and Figure 10 (ni ght). The profile s

marked 0 are used under quiet conditions. The profiles marked 1, 2 and

3 are used in conjunction with the corresponding electron profiles 1, 2 and

3 in Figures 7 and 8 . It is assumed that all ions have atomic

mass 29, although in preliminary calculations to assess the possible

importance of F region reflexion, both atomic and molecular ions were

take n into account.

The profile of-negat ive  ions is not well established, but neither is

this profile found to have any major influence on ELF communications. In

Table 4 are shown the results of a calculation in which the electron profile is

given its quiet night-time f orm, but the negative ion densities are repeatedly

increased by a power of ten as shown in Figure 10, the positive ion content

being adjusted to maintain neutrality. From Table 4 we see that an increase

of three powers of ten in the negative ion conte nt is neede d to obtain a

modification in c/v (upper number) or attenuation in db Mm ’ (lower

number).
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25

~~~~~~~~~~
- - ——--—~—~ —--—- - ——-- ——- - —-- - -- _- .‘a.~~~.a-.” - - ~~~~_—- ~~~~~~~~~~~~~~~~~ .. —~~ -- -~~~~~~~~ — - - — - - -~-——-~~~- --— .---—- - -—- ------ -

~~~~ 
—

~~—- —



__w-_v___?fl- _ — -

I

Cl) 

1 

-

I o\ J3

5 0 -  -

I—

LU PROFILES OF
- 

NEGATIVE IONS
NIGHT

25 - 
- -

0 I I I I
lot lOB Id° id2

—3
NEGATIVE ION DENSITY IN METER
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Tabl e 4

Effect on c/v and attenuation (db ~n
1) of

enhanced negative Ion content -

(night, la titude = 450, sunspot number = 10)

Frequency Negative ion profile number (Figure 10)

( hertz) 0 1 2 3

7.5 1.15 1.15 1.15 1.16

0.32 0.32 0.32 0.33
- t

75 1.13 1.13 1.13 1.10

1.94 1.94 1.95 1.29

4
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In addition to the profile s of electron density and ion density, knowl -

edge is required of the profile s of collisiona l frequency. The collisional

frequencies involved are v and v .  , clf which the first is that for elec-e i

trons with neutral molecule s and the second is that for ion s with neutral

molecules. Their value s in sec 1 as functions of height z in km are

assumed to be given by:

log 10 ‘~e 
= - 0.077 (z - 90)

( (9)
log 10 v .  = 4.6 - 0 . 077 (z - 90) 

3

At the levels of greatest importance for ELF propagation in the earth-

ionosphere transmission line Equations (9) are in reasonable agreement

with values given by Bank s and Kockarts (1973).

5. The Schumann resonance at 7. 5 hz

Using the method outlined in Section 3, calculations of ELF propaga-

tion in the earth-ionosphe re transmission line , based on the quiet ionospheric

profile s de scribed in the previous section, were first undertaken at a fre -

quency of 7. 5 hz in orde r to ve rify that re sults at this frequency are approxi-

mately in accord with the facts concerning the existence of the Schumann

resonance ( Balser and Wagner , 196 2a , b; Madden and Thompson , 1965;

(~~1ej s , 1972; j ones, 1 974) . Detailed calculations of the quality factor ~

of the earth-ionosphere cavity resonance we re not unde rtaken. It was

28 
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merely desi red to verif y that the Q is of roughly the right orde r of magni -

tude . Thi s means that the total attenuation for an ave rage circuit of the

earth at 7. 5 hz must be appreciably less than one neper , say of the orde r

of a few decibels.

Let us conside r an equinoctial situation at a time when the sunspot

number is 10, and let us calculate the total attenuation at 7. 5 hz for one

circuit of the earth along the midday and midnight meridians. On the mid-

day meridian at latitude 45° using the profiles described in the previous

section , Figure 2 take s the form shown in Figure 11. We see

that reflexion takes place at about 86 km. Application of Equa-

tions (5) and (6) then leads to a value of c/v of 1.05 and an attenuation rate

of 0. 10 db Mm
1 due to leakage of energy into the region above 86 km.

After adding attenuation due to collisional absorption below 86 km, the

total ionospheric attenuation rate in the earth-ionosphere transmission line

at 7.5 hz amounts to 0.15 db Mm ’. Repetition of the calculation at othe r lati-

tude s along the midday me ridian give s attenuation rate s varying from

0.03 db Mm~~ at the equator to 0. 21 db Mm 1 at latitude 75° . Consequently,

the total ionospheric attenuation at 7. 5 hz along the midday me ridian fr om pole

to pole is between 2 and 3 db, while the total ionospheric attenuation along the

equator from sunrise to sunset via midday is less than 1 db. It follows that

29 
[

_ 
_ _ _ _ _  

1:
- --~ .a-~~~~-

________ — - — - --- -~~~~~~~~--- -~--- - -~~~~~~ — -  —-~~~~~~~~~~~~~~~~~~~~~~~~ “ —



-~~~~~~~~~ -  - - --  
Th.- ,r -

~
‘ -‘ - e~~~~~~~t - C r ~-+- - -~~~~~ . -- — - ~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘ a - - N -

100 I

FREQUENCY 7•5 HZ
MIDDAY

LATITUDE = 450

- ~~ 
- 

SUNSPOT NUMBER s 10 
-

80

I-

LU

/ ~ \
0 WAVE X WAVE

ci’ I - I
2(0 I (0 (0

I/(21T) TIMES RATIO OF LOCAL WAVELENGTH
TO LOCAL SCALE HEIGHT OF PROFILE

Figure 11. Illustrating determination of the day-time height of reflexion
at the Schumann resonant frequency.
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the day-time profiles shown in Figure 4 are entirely consistent with the Q

of the earth-ionosphe re cavity being high enough for the Schumann reso-

nance to be easily observable .

It may be mentioned that the calculation just described was carried

out not me rely for the profile s of electron density shown in Figure 4 but also

for a number of other pote ntial day-time profiles. In particula r , an investiga-

tion was made of the importance of the steep gradient of electron density shown

in Figure 4 just above the 80 km level. The more this gradient was reduced

the higher we re the losses at 7. 5 hz. Progressive reduction of the gradient

quickly produced a situation in which the losses become so high that the

Schumann resonance would be difficult to observe . Thus, not only are the day-

time profile s presented in Figur e 4 on the basis of the work of Rawe r ,

Ramakrishnan and Bilitza (1975) acceptable for explaining the existence of

the Schumann resonance , but the steep gradient of electron density just

above the 80 km level is an essential feature of this acceptability.

Let us now make similar calculations at 7. 5 hz for the midnight

meridian. Using the night profiles presented in Figure 5, one obtains the

results shown in Figure 12. Th~ attenuation rate varies from 0. 07 db Mm 
1

at the equator to 1. 76 db Mm ’ at a pole. The total ionosphe n c attenuation

at 7. 5 hz along the midnight meridian from pole to pole is about 20 decibels.

This is much too high; if this value were realistic there would be no phe -

nomenon of Schumann resonance . One is forced to conclude that the night

profiles presented in Figure 5 are in error. An analysis was therefore
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Figure 12 . illustrating the attenuation rates at the Schumann re sonant
frequency for the rejected night profile .
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made to ascertain the cause of this unexpectedly high ni ght-time loss at

7. 5 hz .

Figure 12 shows that, due solely to leakage of energy from the earth-

ionosphere transmission line into the region above the level of reflexion , the

attenuation from pole to pole along the midnight me ridian at 7. 5 hz is some-

what greater than the total ionospheric attenuation from pole to pole

along the mid-day meridian. The prime cause of the substantial leakage

from the night hemisphere is the low maximum electron density in the

nocturnal E region . The value of this maximum electron density is not

available for major adjustment , although the values used in Figure 5 are

probably too low. Calculations showed that variation of the night-time profile

of electron density , keeping the maximum electron density fixed , had little

influence on the loss due to leakage of energy into the region above the

leve l of reflexion. For the same maximum electron density in the E

region , the leakage loss is greate r in polar regions than in equatorial

regions due to the e ffect of the earth’ s magnetic field . However , thi s is

largely off-set in our calculations by the fact that , in Figure 5, highe r

nocutrnal maximum electron densitie s have been assume d for the E region

in polar regions than in equatorial regions. There is little that can be done

to reduce significantly the leakage loss through the E reg ion at 7. 5 hz at

night.

It might be wonde red whethe r reflexion from the F region at night

might be significant at 7. 5 hz (Galejs, 1972). But ionic attenuation is

33
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important, especially at levels whe re ‘

~~ 

is of the orde r of the ang’ul.a r

ionic gyro-frequency,  that is , in the vicinity of 120 km. Consequently,

the wave reflected from the F region at 7. 5 hz is weakened to the point of

unimportance.

Eve n though leakage of energy at 7. 5 hz through the nocturnal E

region is higher than might have been anticipated, nevertheless thi s loss

is me rely such that , when combined with the losses in the day hemisphere ,

the Q for the earth-ionosphe re cavity is of the order of magnitude that is

observed. Figure 1 2 shows that it is collisional absorption below the level

of reflexion that is the cause of the difficulty at 7. 5 hz with the profiles

pre sented in Figure 5.

Part of the reason why the nocturnal attenuation rate due to colli-

sional absorption is so high at 7. 5 hz arises from ionic absorption already

mentioned. The level of reflexion at 7. 5 hz for the profile s shown in Fig-

ure 5 is about 100 1cm, and at this level ionic attenuation is more important

than ele ctronic attenuation . Moreove r , on the under side of the E region,

absorption due to ionic collisions doe s not decrease with increase of height

as the ionic collisional frequency decreases. On the contrary the absorp-

tion due to ionic collisions increases with height as the ionic collisional

freque ncy dec reases. To prevent ionic atte nuation from being important at

night at 7. 5 hz a signif icantly lower height of reflexion is needed.

Howeve r , even the electronic contribution to the nocturnal absorption at

7. 5 hz is serious for the profile s exhibited in Figure 5 because the gradient of
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electron density on the underside of the E region is not high. Conse-

quently,  both ele ctronic and ionic attenuation are ope rative over a sub-

stantial rang e of height , leading to the result depicted in Figure 12.

It is now clear what is wrong with the night-time profile s shown in

Figure 5. The gradient of electron density on the underside of the nocturnal

E reg ion needs to be increased substantially and the level of reflexion at

7. 5 hz needs to be lowered substantially. In addition , a modest inc rease in

maximum electron density is appropriate . It was in this way that we arrived

at the night-time profile s of electron density shown in Figure 6. The ledge of

ionization below the main E region in Figure 6 is not needed to explain the

existence of the Schumann resonance. This ledge was added sub sequently

in order to acquire flexibility in the results obta ined at frequencies a

power of ten higher than 7. 5 hz.

6. Midday behavior in the ELF band

Having arrived at a model of the ionosphere capable of explaining

the Schumann resonance at 7. 5 hz , let us inve stigate propagation in the

earth-ionosphere transmission line as a function of frequency in the ELF

ba nd. We continue to consider an equinoctial situation at an epoch when the

sunspot number is 10. Let us first examine day-time conditions , and

especially the situation existing at midday.

Figure 11 illustrateg the fact that , at 7. 5 hz , reflexion from the

day-time ionosphere is at abaut 86 kin, that is , from the E region. At the

upper end of the ELF band , however , day-time reflexion is

______________________

~~~~~~~~~~~~~~~~~~



from the D region . The leve l of r eflexion must therefore drop from the

E region to the D region as the frequency increases from 7. 5 hz. This is

pa rt of the process, deduced in pape r 1, whereby the leve l of reflexion

rises as the frequency falls in the ELF band , leading ultimately to penetra-

tion of the ionosphere at micropulsation frequencies. In particular , there

is a frequency-band where penetration of the D region sets in and the E

reg ion take s ove r as the location of the primary reflecting stratum. What

we have seen in the previous section is that penet ration of the D reg ion is

already an accomplished fact whe n the frequency has fallen to 7. 5 hz.

The curve shown in Figure 11 for 7. 5 hz (strictly speaking, two

curves, one for the 0 wave and one for the X wave , too close to draw

separately) changes as the frequency is varied . As the curve changes , so

also do the intersections with the ordinate s at and . Consequently

the levels of reflexion for the 0 and X waves change with the frequency .

The way in which this happens is shown in Figure 13, whe re curve s are

drawn for frequencie s of 7. 5, 30 , 75 and 300 hz. The re sulting intersec-

tions with the ordinate s at and therefore behave as shown in Fig-

ure 14. In thi s diagram, the calculated intersections are ma rked as 0 for

the 0 wave and X for the X wave . The intersections we re calculated for

the frequencie s shown at the top of the diagram . The intersections for the

0 wave and those for the X wave each lie on a conti nuous curve possessing

an S bend insufficiently well delineated by the numbe r of points calculated.

In thi s and subsequent diagrams the actual calculated point s are connected

by rectilinear segments as an alternative to sketching in continuous curves.
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Figure 14. Illustrating penetration of the day-time D region as the
frequency descends through the ELF band.
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Reflexion take s place principaJ ly from the vicinity of the boundary

of the reg ion whe re the medium become s slowly vary ing . Take n literally,

Figure 14 implie s that , at 7 .5  and 15 hz, the X wave is reflected

from the E reg ion , but at 30 hz reflexion has dropped to the D

reg ion. Likewise , for the 0 wave , reflexion is from the E reg ion

at 7. 5, 15 and 30 hz , but from the D region from 45 hz upwards. In fact ,

of course , transfe r of the reflecting stratum from one region to the othe r

is not sudden. Reflexion from the E region weakens as reflexion from the

D region strengthens, and vice-versa . The 0 wave and the X wave each

possess a band of frequenc ie s ove r which reflecting strata in both the D

and E regions are simultaneously important, and this band is at somewhat

higher frequencies for the 0 wave than for the X wave .

It is clear that a theory is required capable of dealing with a situa-

tion in which a re fle cting stratum in the D region and a reflecting stratum

in the E region are simultaneously Important . The theory presented in paper 1

has not yet been adequately developed for handling thi s situation. In the mean-

time , we shall apply the theory in the form given in paper 1 on either side of the

frequency-band where simultaneous refiexion from the D and E regions is domi-

nant . When a diagram such as that shown in Figure 14 shows that primary reflex-

ion of the 0 and X wave s is from different regions, we shall not apply the

theory of paper 1. On the othe r hand , when the diagram shows that primary

reflexion of both wave s is from the same region then we shall apply the

theory of pa pe i~ I without modificat ion.

It should be noted that Figure 14 is drawn for midday in latitude 450

at the equi nox for an epoch when the sunspot number is 10. The location of
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the f requency-band involved in penetra t ion of the D region varies with

time of day , latitude , ~~-a son  of the year , and epoch in the sun spot cycle .

It is also shif ted by ion osp her ic  distu rbance .

For equinoct ia l  conditions at midday when the sunspot numbe r is 10,

Figure ISa show s the variation of c/v  with frequency at various latitudes.

The broken sect ions of the plot s indicate where t ransfe r from predominantly

E region reflexion to predominantly D region reflexion is taking place .

Note the associate d major  increase  in c/v.  Note also that the broken sec-

tions of the plot s should be replaced not merely by a sing le S bend but by a double

S bend . Thi s is because the t ransfer  f rom predominantly E region reflexion

to predominantly D reg ion re flexion take s place for the X and 0 wave s in

succession. Figure iSa shows that the frequency-band where the transition

take s place is of the orde r of 75-150 hz near the equator whe reas it is of the

orde r of 15-45 hz near  the poles . Corresponding plots for the attenua-

tion rate are shown in Figure 15b .

The di f ference between a sunspot number of 10 and one of a t OO is

indicated in Figure s 16a and b, where the latitude variations of c/v and of

attenuation rate are shown for frequencies of 7. 5 and 75 hz. At 7. 5 hz

reflexion is predominantly from the E region at all latitudes and the re is

no significant dependence on sunspot number. At 75 hz reflexion is pre-

dominantly fr om the D region at all latitude s for a hi gh sunspot number.

For a low sunspot numbe r , h owe ve r , reflexion t rans fe r s  to the E region

near the equator. Except near the equator , the attenuation rate at 75 hz

decreases somewhat as the sunspot numbe r increases.

40

— -. -~

-

~

--

~

---

~

-

-~



- -  _

FREQUENCY IN HERTZ

7.5 30 45 60 45 ISO 300
1- 25 

LATITUDE :750
~

\

\,

~ 

I I

120 - 
ii 

\~~O0 -

MIDDAY / ‘ ‘~~ \
EQUINOX .

SUNSPOT NUMBER = 10 / , / \45°
U- , / I

U- / 1/ /cD ‘‘ /
I105 - 

I
/
/
I
l
l 

I
l
/
/
I
,
, 

-

1-00 I

0.75 1-00 I~25 150 1.75 2-00 225 2-50

LOG10 (FREQUENCY IN HERTZ)

Figure 1 5a. Illustrating, for propagation velocity , the effect of penetrating
the day-time D region as the frequency descends through the
ELF band.
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Figure 15b . Illustrating, for atte nuation rate , the e ffect of penetrating the
day-time D region as the frequency descends through the
ELF band.
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Figure 1 7b. Illustrating the change in atte nuation rate with season.
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An indicat ion of the seasonal  var ia t ion  in ELF propagation in the

• ea r t h - i o n o s p h e r e  t r a n s m i s s i o n  line is g iven in Figures 1 7a and b for a

sunspo t  nu mber  of 10 . For 7. ~ hz and 75 hz the va r i a t ions  of c/v  and of

a t tenu a t i o n  rate with la t i tude  arc shown for winte r , equinox and summer .

In win ter  the te rminator is crossed between latitudes 600 and 75° so that

the calculations for 75 0 are made us ing  the night- t ime profi le indicated in

Fi gure 6 . At 7 . 5 hz re f l ex ion  is from the E reg ion unde r all c i rcumstances.

At 75 hz reflexion is p r i m a r i l y from the D reg ion in middle latitudes but

t rans fe r s  to the E region at low latitudes. Reflexion at 75 hz is also pri-

man ly from the D reg ion at hi gh latitude s in summer and at an equinox ,

but in winte r at high latitude s simultaneous reflexion from strata in the D

and E re gions become s important .

7 . Ni ght - t ime behavior in the ELF band

Rep laceme nt of the day-time profi le s of electron density shown in

Figure 4 by the ni ght- t ime profile s shown in Figure 6 (togethe r with corre-

sponding action for negative ions using profile s 0 in Figures 9 and 10)

re sults in replacement of Figure 14 by Figure 18 and of Figures l5a and b

by Figure s 19a and b , respectively. The re sulting nocturnal variations of

c /v  and of attenuation rate with latitude at 7. 5 hz and 75 hz are shown in

Figure s ZOa and b .

In Figure l9a reflexion at the lowe r end of the frequency-range is from

the main p ar t  of the E region above 90 km. At this end of the frequency-

band the progressive decrease of c/v  to value s less than 1. 1 has to be
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Figure 18. Illustrating penetration of the night-time sub-E region ledge
of ionization as the frequency descends through the ELF band .
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Figure 19a. I l lustrat ing,  for propagation velocity , the effect of penetrating
the nig h t - t ime sub-E reg ion ledge of ionization as the frequency
descends  throug h the ELF band.
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Figure 19b. Illustrating, for attenuation rate , the e ffect of penetrating the
night-time sub-E region ledge of ionization as the freque ncy
descends th r ough the ELF band.
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Figure ZOa. Illustrating the variation of propagation velocity with latitude
at night.
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night.

52

— 
- —  - 



-- _ _ _ _-

reconciled with the fact that , observationally ,  the values of C/v are of the

orde r of 1. 1  at 75 hz (Hug hes and Ciallcnberge r , 1974). It was for this

reason that the ledge of ionization was added to the underside of the E

reg ion in Figure 6 . The ref lect ing stratum then t rans fe rs  from the main

E region above 90 km to the ledge below 90 km as indicated by the broken

sections of the plots in Figures 19a and b. These broken sections should be

replaced by double S bends (one for the X wave and one for the 0 wave ) that

can only be delineated with a theory more elaborate than that develope d in

paper 1 .

In Figures ZOa and b refiexion is from the main E region above

90 km at 7 . 5 hz for all latitudes. At 75 hz , howeve r , reflexion is pre-

dominantly from the led ge below 90 km except at low latitudes.

8. Diurnal variation of ELF propagation

Based on calculations of the type described in the two preceding

sections the comple te diu r nal variation of ELF propagation in the earth -

ionosphe re transmission line can , in princi ple , be described. For a fre-

quency of 75 hz re sult s are shown in Table S for equinoctial conditions at

an epoch when the sunspot numbe r is 10 . The uppe r numbers are value s of

c /v  and the lowe r numbers are value s of the total ionospheric rate of

atte nuation in db Mm ’.

Reflexion is from the main E region at the equator but it t ransfers

to the D region (day ) or to the ledge (ni ght)  at higher latitudes. At local

times of 0800 and 1600 hours this t ransfe r is still in progress at a latitude

of 15° and no numbers have been recorded. In Table 5 there is no variation
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Table 5

Diurnal variation of c/v and attenuation (db P~n
1)

at 75 hz

(equinox , sunspot number = 10)

Local time

Latitude Night

00 1.02 1.01 1.01 1.01
0.26 0.13 0.12 0.12

150 1.12 —— 1.09 1.09
1.66 -- 1.21 1.19

30~ 1.13 1.14 1.12 1.12
1.93 1.83 1.64 1.60

45° 1.13 1.17 1.15 1.15
1.94 2.27 2.02 1.97

600 1.12 1.20 1.18 1.18
1.90 2.72 2.41 2.34

750 1.12 1.25 1.22 1.21
1.87 3.31 2.94 2.85
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dur ing  the n ight - t ime by virtue of the ionosphe ric model in use (Figure 6).

Some variation does occur during the day-time, but the main change s

occur near sunrise and sunset.

9. E ffect  on ELF propagation of enhanced ionization in the lower
ionsophere

Let us consider f ir s t  a polar cap absorption eve nt , and let us focus

attention on a latitude of 75° . Let us assum e that profile s 1, 2 and 3 in

Figures 7 and 9 (day ) and in Figures 8 and 10 (night)  constitute various

degrees of disturbance in the lowe r ionosphere , with the profile s marked

0 representing quiet conditions. Table 6 then shows the effect of these

variou s degrees of disturbance on c/v (upper number) and on the attenuation

rate in db Mm ’ (lower number) at frequencies of 7. 5 , 45 and 75 hz.

Unde r quiet day-time conditions , reflexion is f rr ~r.i the E reg ion

at 7. 5 hz and from the D region at 75 hz , while reflecting strata in both

regions are impo rtant at 45 hz. Under quiet night-time conditions reflex-

ion is from the main E reg ion above 90 km at 7. 5 hz but from the ledge below

90 km at 45 hz and 75 hz. For all the degrees of disturbance shown , how-

ever, reflexion is from the D region during the day-time and from the sub-E

re gion ledge during the night-time . In going from quiet conditions to dis-

turbance I conditions it is possible for an increase in the attenuation rate

to occur, for example , for 7. 5 hz during the day-time. When this happens

it is in association with a transfe r of reflexion to a lower level. Whe n once

re flexion from the D region (day ) or the sub-E region ledge (night) has been

established , the bigge r the disturbance become s the less is the rate of

atte nuation and the ne a re r is the velocity of propagation to c.
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Table 6

Effec t on c/v and attenuat ion (db tin~~) of

enhanced ionization below the E region in polar regions

(latitude = 75°)

Frequency Day profiles (Figs. 7 and 9) Night profiles (Figs. 8 and 10)
(hertz)

0 1 2 3 0 1 2 3

7.5 1.05 1.21 1.09 1.05 1.14 1.12 1.04 1.02
0.21 0.31 0 .14 0.11 0.37 0.25 0.17 0.17

45 — -  1.11 1 .06 1.03 1.16 1.05 1.02 1.01

-- 0.84 0.47 0.32 1.45 0.56 0.32 0.26

75 1.21 1.09 1.05 1.03 1.12 1.04 1.02 1.01
2.85 1.19 0.68 0.46 1.87 0.72 0.40 0.31

- 
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Let us now conside r a sudden ionospheric  disturbance that occ’ i

at mid-day at the equinox and that causes an increase of a power of ten in

the ionizat ion of the day- t ime  D region.  We take the disturbed and undis-

turbed profile s of electron density for a solar zenith angle of 7 50  to be

those marked 1 and 0 in Fi gure 7, and from them we deduce the profile s

of e lec t ron  densi ty for other zenith ang les x on the assumption that the

1/ 2e lectron densi ty  is proport ional  to cos x .  For the negative ions we

use the corre sponding profile s 1 and 0 in Figure 9. The resulting variations

of c / v  and att e nuation rate with latitude at midday are show n in Figure s 2 1a

and b for a frequency of 7. 5 hz and in Figures ZZa and b for a frequency

of 75 hz. -

With the unenhanced D reg ion , reflexion at 7. 5 hz is from the E

region at all latitudes. With the enhanced D reg ion , howeve r , reflexj on at

7. 5 hz is from the D region except close to the equator. Except close to

the equator , refiexion at 75 hz is from the D region when this region is

unenhanced. The e ffect  of enhancement is to establish reflexion from the D

region for 75 hz at all latitudes including the equator . Examination of Fig-

ure s 21a , 2 1b , ZZa and 22b shows that , when enhancement of the D re gion

re sults in reflexion being t ransferred from the E region to the D region , the

value s of c/v and of the attenuation rate are increased. On the othe r hand ,

when reflexion is already predominantly from the D region before enhance-

ment , the effe ct of enhancement is to reduce the value s of c/v and of the

attenuation rate .
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10. Degree of cou pling between the transmi~~in~ ante nna and the

!~~ th- ionosphere transmission line

At ELF , the height of the ionosphere is small compared with the

free-space wavelength , and in consequence the field strength of the wave

excited in the earth-ionosphere transmission line is inversely proportional

to the hei ght of the ionosphere (Watson , 1919; Budden , 1961; Wait , 1962).

As shown by Booke r (1973) this is because the cou pling of an antenna to the

earth-ionosphere t ransmission line involve s a power transformer for

which the ionosphere above the antenna is part of the secondary conductor.

When the 0 and X wave s are reflected from the same ionospheric region ,

the relevant height may be taken as the ave rage of the heights a0 and z~~ for

the 0 and X waves, calculated as explained in Section 3. Using the day-time

ionospheric mode l described by Table 1 and illustrated in Figure 4, the height

of reflexion at midday at the equinox at an epoch when the sunspot number is 10

is shown as a function of latitude and frequency in Table 7. The table divides

into two sections for one of which the height of refiexion is in the 80-90 km

range (day-time E region) and for the other of which reflexion is in the 70-80 km

range (day-time D region). The two sections of the table are separated by

a band whe re simultaneous reflexion from strata in the D and E regions is

important and where no ilei ght of reflexion is recorded.

Corresponding re sults for the night -time ionospheric model described

by Table 3 and illustrated in Figure 6 are shown in Table 8. This table divides

into two sections for one of which reflexion is from the main E region above

90 km and for the other of which reflexion is fr om the sub-E region ledge of

ionization be low 90 km.

L 
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Table 7

Height of reflexion in kilometers

(midday , equinox, sunspot number = 10)

Frequency in hertz
Lati tude

7.5 15 30 45 60 75 150 300

0° 85 85 85 84 84 84 76 73

15° 85 85 85 —— -- 78 76 73

30° 86 86 -- 78 78 77 75 72

450 86 86 -- 78 77 76 74 72

60° 86 86 -- 78 77 76 74 72

750 86 86 —- -— 78 77 75 73

Table 8

Height of reflexion in kilometers
(night , sunspot rumber = 10)

Frequency in hertz
Lati tude

7.5 15 30 45 60 75 150 300

0
0 92 91 91 91 91 91 86 85

15° 92 92 91 -— -— 86 85 84

30° 92 92 91 -- 86 85 85 84

450 92 92 -- -- 85 85 85 84

60° 92 92 -- 86 85 85 85 84

• 750 92 92 -- 86 85 85 85 84

900 92 92 -- 85 85 85 85 84
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Table 9

Effect on height of reflexion (km) of
enhanced ionization below the E region

in polar regions (latitude = 75°)

Frequency Day profiles (Figs . 7 & 9) Night profiles (Figs . 8 & 10)
(hertz)

0 1 2 3 0 1 2 3

7.5 86 77 70 65 92 85 83 82

45 -- 71 66 62 86 84 82 80

75 77 70 65 61 85 83 82 80
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For calculating the degree of cou pling between an antenna and the

ear th- ionosphe re t ransmiss ion  line , high accuracy for the height of thc

ionosphe re is not ne cessary .  Howeve r , we can see from Table s 7 and 8

that it is desirable to dete rmine whethe r , for the frequency and location of

the t ransmit ter  under conside ration , the seconda ry conductor of the coupling

t r ansf o rme r is associated with the E reg ion or the D region unde r day-time

conditions, and whethe r it is associated with the main E region above 90 km or

the sub-E reg ion ledge be low 90 kin unde r ni ght-time conditions. For a

disturbed ionosphe re , somewhat greater care is necessary in selecting the

ionospheric  height rele vant for calculating the excitation factor as shown

in Table 9.

i i . Discussion

In principle , it should be possible to adjust the profiles of electron

density shown in Figures 4 and 6 so as to secure agreement between theory

and observations. Observations are ava ilab le of the bandwidth of the

Schumann resonances (Baize r and Wagne r , 1960; Madde n and Thompson,

1965; Galejs , 1972; Jones, 1974), of the attenuation experienced ove r

various propagation paths for a transmitte r located in North Carol ina and

ope rated on frequencies of 78 and 156 ha (Ginsberg, 1974), for a transmitter

located in Wisconsin and ope rated on frequencies of 45 hz and 75 hz (White

and Willirn , 1974; Banniste r , 1974; Banniste r , Williams , Katan and Ingram,

1974; Davis , 1974), and of the radiation from lightning flashe s in the ELF

band - the “ slow trail” of “atmospherics” (Hughes and Theisen , 1970; Hughe s
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and Gallenberge r , 1974; Jones,  1974). All of these observational technique s

are challenging , and hig h accuracy is difficult to achieve . Comprehe ns ive

observations ove r the globe unde r a wide range of ionosp he ric conditions

have not been made , and simultaneous observations of ionosphe ric profile s

by other methods (such as rockets) are not usually available .

Nevertheless , suff ic ient  observations have been made with sufficient

accuracy to detect discrepancies. Attention has already been drawn in

Section 5 to the fact that the nig ht-t ime profile s being proposed for the

• International Refe rence Ionosphere appear to be inconsistent with observa-

tions of the Schumann resonance , and an alternative model of the night-time

ionosphe re was tentatively devised in Figure 6. Even  with this modified

model of the night-time ionosphere the calculated atte nuation rate s in the

earth-ionosphe re transmission line at frequencies of 75 hz and above

are too hig h. The same is t rue for the model of the day-time

ionosphe re shown in Figure 4 even though this mode l is in reasonable agree-

ment with what is being proposed for the International Refe rence Ionosphere .

There is , of course , no difficulty in adjusting the ionospheric pro-

files so as to improve the ag reement with obse rvations of the attenuation-

rate in the earth-ionosphere transmission line . Wave s of different fre-

quencie s in the ELF band are reflected at diffe rent ionospheric levels , and

consequently the variation of electron density with height can be adjusted so

as to accommodate the observed variation with frequency in the rate of

attenuation. Howeve r , the wisdom of carry ing out such an ope ration of

profile adjustment at this time is in doubt.
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It should be noted that it is not sufficient to adjust the ionosphe ric

profile s to re produce the correct variation of attenuation rate with fre-

quency in the ELF band. It is necessary to fit observations in the entire

radio spectrum. It is necessary to fit in situ observations. Eve n in the —

ELF band , it is necessary to reproduce the correct variation with fre-

quency not only of the attenuation rate but also of the velocity of phase

propagation. With some ELF observational techniques , velocity informa-

tion is unfortunately not available . A desirable technique is one with which

both the velocity and the rate of attenuation can be estimated as functions

of frequency throughout the ELF band in various parts  of the world unde r

variou s ionospheric conditions , and that can be used in conjunction with

simultaneous in situ observations of the ionospheric profile s themselves.

It is premature to attempt detailed adjustme nt of ionospheric profile s

to fit even the limited ELF observations currently available before steps

have been taken furthe r to develop the theory presented in p ap er  1. Figure s 15a

and b reveal the fact that , ove r the frequency range 20-60 ha in middle and high

latitudes during the day-time , simult~tneou s reflexion from strata in the D and

E regions is a major phenomenon and that , as the frequency drops from

about 60 hz to about 20 hz , penetration of the D region take s place , first for

the 0 wave and then for the X wave . Moreover , Figures 19a and b show

that a simila r phenomenon is likely to take place at night. A theory capable

of describing this penetration phenomenon conve niently should be developed

- 
so as to facilitate quantitative comparison with observations made at

frequencies in the range 20-60 hz.
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At freque nc ie s from about 75 hz upwards , day- t ime reflexion in

middle and hig h latitude s is primarily from the D region. Eve n so , it is

doubtful if the theory develope d in pa pe r I is good enough for detaile d

adjustment of ionospheric profile s to fit obse rvations of propagation

velocity and attenuation rate in the ear th- ionosphe re transmission line in

the frequency range 75-300 Hz. The theory develope d in pape r I is

probably adequate in circumstances when only one re flecting stratum is

important , for example , at 7. 5 hz. But the theory may not be adequate

in the frequency range 75-300 hz for the following reason . The X wa ve

transmitted above the reflecting stratum in the D region is the whistler

wave , except close to the equator. This wave suffers some attenuation

in the D region but it has not become negligible in the E region. As

shown in Figure 14 , furthe r reflexion will come into play for the X wave

in the E region , and the re sulting reflecte d whistle r wave is unlikely to

be completely neg ligible at the level of the primary reflecting stratum in

the D region. Eve n though day-time reflexion is predominantly from the

D region in the frequency range 75-300 hz at middle and high latitude s,

never theless reflexion of the transmitted whistler wave from the E region

will modify somewhat the mode calculation for the earth-ionosphere trans-

mission line . This modification is expe cte d to reduce somewhat the rate

of atte nuation and inc rease somewhat the value of c /v .
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Simultaneous reflexion from strata in the D and E regions is cer-

tainly a major phe nomenon during the day-time at middle and high latitude s

in the frequency range 20-60 hz. This phenomenon is unlikely to become corn-

pletely negligible at higher frequencies and must be take n into account before

detailed agreeme nt between theory and observation can be expected . On

the othe r hand , whe n such a theory has been developed in convenient fo rm ,

and when the profiles for the Inte rnational Refe rence Ionosphe re are suffi-

ciently comprehensive and reliable , there seems to be no reason why useful

propagation curve s for ELF communications should not be prepared cove r-

ing most ionospheric conditions.

While the absolute value s of the propagation ve locities and attenua-

tion rates shown in the diagrams and table s of this paper  will require modi-

fication for the reasons just stated , it is likely that most of the trends will

be preserved. In particular , it should be noted that , for a given frequency,

attenuation rate s at low latitude s are less than they are at high lati-

tudes , especially during the day-time. It follows that , for the same trans-

mitter arrangements (including the same site geology), the latitude at which

an ELF communications transmitter is located has an impo rtant bearing on

the degree of world-wide coverage that it achieves.
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12 . Ni gh t - t u ne v ar i a b i l i t y  of ELF si~~r i a l s  f rom tI,i-’ Wtsconsin
Test Faci l i ty

It has been shown by Bannis ter ,  Williams , Kata n and Ing ram (1976)

that , during the ni g h t - t i m e  but not dur ing the day-time , there are appreci-

able var ia t ion s in the si gnals  received in Connecticut f rom a transmitter in

Wiscons in  operat ing on a frequency of about 75 hz . Similar result s have been

obtained at other receiving site s . Simila r results have been obtained at a

frequency of about 45 h ’  (Banniste r and Williams , 1975) but on different

occasions. Decreases  of f i e ld-s t rength  up to 5 decibels are reported. It

has been hypothesized that these lowe red night- t ime field-strengths are

caused by variations in the flux of electrons preci pitating in the ionosphere

(White , 1972) , and this suggestion has been followed up by Irnhof , Larson ,

Reagan and Gaine s ( 1976 ).

Table 6 show s that a night-time decrease in field-strength cannot be

due to a large increase in the ionization density near the base of the iono-

sphe re such as is associated with a polar cap absorption event. Neither can

it be due to a large decrease in ionization density such as might correspond

to virtual elimination of the sub-E region ledge of ionization in Figure 6.

This would cause the plot s to the left of the broken sections in Figure s 19a

and b to extend to hi gher frequencies without modification, and consequently

would improve t r ansmis s ion .

It was found in Section 9 that , whe n an enhancement of the day-time

D region results in reflexion being t r ans f e r r ed  from the E region to the
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D reg ion , the rate of attenuation in the earth-ionosphe re transmission line

is increased but that , when re flexion is already predominantly from the

D region beforehand, enhancement reduces the rate of attenuation. This

phenomenon is illustrated by a comparison of Figures 21b and 2Zb ; it is

also illustrated in the le ft half of Table 6 . A similar phenome non can

occur at night in association with the sub-E reg ion ledge of ionization,

and can be made to appear in the ri ght half of Table 6 by suitable selection

of ledge profiles.

In Figure 6 the bottom of the sub-E region ledge of ionization was

arbitrarily taken at about 80 km. Moreove r , the ionization density asso-

ciated with the ledge was arbitrarily taken to be about the same as that

associated with the D region during the day-t i n~e (Figure 4). In fact , the

parameters associated with such a sub-E region led ge are largely unknown

and are available for adjustment. Reducing the icnization density of the

ledge would cause displacement towards higher frequencies in Figure s 19a

and b of the broke n sections of the plots that have to b~ replaced by double

S bends to allow for penetration of the ledge by the 0 and X wave s in

succession.

The simple explanation, therefore, of the night-time variability of

the signals from the Wisconsin transmitter is in terms of variability in the

penetration frequencies of the sub-E region ledge for the 0 and X waves.

This requires some variability in the ionization density associated with the

ledge , but nothing resembling the increases associated with polar cap

absorption events.
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

It is likely that , under quiet ionospher ic  conditions , a suh-E

r~- g ion l cdg t -  of ionizat ion exis ts  at nig ht , but with an ionization density

and a t h i c k n e s s  somewhat less than those shown in Figure 6 . Reflexion ‘ -

at 75 hz unde r t h -  conditions of the Wisconsin expe rime nts was princi-

pall y from the main E region on quiet nights. A small inc rease in the

ionization density of the led ge caused the primary reflecting stratum

at 75 hz to drop to the led ge , with an accompanying increase in the

attenuation rate at 75 hz only partially offset  by an increase in the degree

of coupling of the transmitt ing antenna to the earth-ionosphere trans-

mission line . A somewhat larger increase in the ionization density of

the led ge caused the pr imary reflecting stratum at 45 hz also to drop to

the l edge ,  with an accompanying increase in the atte nuation rate at

4~ ~~~~~~ . A fur ther  large increase in ionization density at the base of the

ni gh t - t ime  ionosphere would have caused a substantial decrease in the

rate of at tenuation , but in fact the ionosphere returne d to normal without

this happening.
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Abstract

A single analytic function of height is devised that has the

flexibility required to represent simultaneously the principal features

of the D, E, F1 
and F

2 regions of the ionosphere. Such a function ,

free of mathematical singularities, is essential for obtaining satis-

factory wave—solutions to ionospheric problems using methods more exact

than the phase—integral (WKB) approximation. The method is applicable

to profiles of atmospheric parameters besides electron density.

*Supported by the U.S. Office of Naval Research under Contract
N00014—75—C—0959.

— 1 —

- ~p~i— - - - —



r

1. Introduction.

The need for standard profiles of electron density and of other ionospheric

parameters has been recognized for some time. A committee of IJRSI and COSPAR is

currently at work preparing such profiles, and a preliminary repor t has been

issued (Rawer, Ramakrishnan and Bilitza, 1975). The present author was recently

interested in using the proposed profiles for a problem in radio wave propagation

tha t required a treatment more precise than the phase—integral (or W1CB) approzi—

mation. Difficulty was encountered with the RRB profiles on account of the

discontinuitfes of slope that they contain.

The fact that Ionospheric profiles with discontinuous derivatives give trouble

in handling “exact” wave—solutions was first encountered by Hartree (1929). Dis—

continuities In derivatives cause spurious partial reflections, and if more than

one level of reflection is involved, spurious interference phenomena are introduced .

These simultaneously complicate the calculations and lead to effects that

usually have to be disregarded for a realistic ionosphere. Exact wave—solutions

are hardly worth calculating for any profile that contains discontinuities,

even discontinuities in low order derivatives; such wave—solutions are inexact

no .iuatter how much mathematical exactness is lavished on their development. Pro—

files used for exact wave—solutions should always be analytic functions of height.

While this has been known for a long time, the practical difficulty has been

to think of a reasonable analytic function of height that has the flexibility nec—

essary to represent simultaneously the principal features of the D, E, F1 and F2

regions. It is almost certainly for this reason that Rawer , Ramakrishnan and

Bi li t za chose to fit together several different analytic functions to form a com-

posite profile having discontinuities of slope. Nevertheless such profiles are in-

convenient and undesirable for discussion of many wave propagation problems.

It is the objective of this paper to devise a single analytic funct ion of

height that possesses the necessary f l ex ibility to r epre sen t the entir e pr of ile

— 2 - -

- — - -.—--~~- --  - - ~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~



-- —~~ - --.-..‘.-.------—,——‘.—— 

~~T

of electron density in the ionosphere from the bottom side of the D region to

the top side of the F
2 

region. The satisfaction of this long—standing need

is far simpler than has hitherto been supposed . Different sections of the

overall profile may be initially described by different functions, and these

functions may then be strung together into a single analytical function of

height by using exponential functions to fade one profile gradually out and

fade the next profile gradually in. Almost any functions may be used to

describe the individual sections initially. However, because of the exponen-

tial character of many atmospheric processes, it is convenient, and for a number

of purposes desirable, also to use the exponential function to describe the in-

dividual sections of the overall profile. In this way we arrive at the follow-

ing procedure.

2. Method

If the electron density N varies exponentially with height z and if the scale

height is H, then

1 dN _ 1 1-l 1N dz ( )

Let us consider initially a skeleton profile in which N varies exponentially with

2 , but the scale height changes from H1 to H2 at a heig
ht a. If this happens

abrupt~.y, then

1 dN —1
~ ~~~~~~~~ z < a  (2)

l d N  —l
~ ~.r~= H 2 ,  z > a (3)

A profile involving this behavior is undesirable because of the discontinuity in

slope at z a. Let us therefore arrange for the logarithmic derivative on the

left hand sides of Equations (2) and (3) to change continuously from U
1
’ to 112

1

as z increases through a, and to do so without involving discontinuities in higher

— 3 —



order derivatives. This may be achieved by writing

—1 —1
1 dN —l 112 — H 1
ii ~~ 

— 

~l 
+ 1 + exp {—(z—a)/h} (4)

where h is a scale that controls the interval of height over which the transition

in slope takes place.

Equation (4) reduces to Equation (2) if z is appreciably less than a — h and

to Equation (3) if z is apprecibly greater than a + h. The bulk of the transition

in the logarithmic derivative from H~
’ to H

2
1 takes place between the levels

a - h and a + h, and the transition is smooth. in all derivatives. The quantity

h may be described as the smoothing scale appropriate to the transition at the

level z = a.

This idea may be extended to incorporate any number of transition levels

Z1, 22 Z
m
) with different smoothing scales h1, h2, •••~hm 

at the various

transitions. We then start with a skeleton profile such that

l d N  —l -

j
~
, ~— = H 0~~, 

z < z
1

1 dN —l
~ ~— = H ~~ , z1

< z < z
2

(5)
1 dN —1
— — — H  z < z < z
N dz m—l, rn rn-i in

1 dN —l
— — — H  z > zN dz m , m+i m

where H~ n-s-i. 
is the scale height of the skeleton profile in the height interval

Z
n 

< Z < Z +i. If we now apply smoothing scales h1, h2, ... at the transition
levels z1, z2, ... respectively, we obtain

—l —1

I ~~~~~. - H 1 
+ 

H 
n+l 

- 11n—l it (6)N dz 01 n 1  1 — exp [_ (z—z~)~h0}

Integration with respect to z then gives

S ~~~
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N —lln~~ H01 (z—z0)0

in —l —1 1 + exp {(z—z )/h  }
+ Z  ‘H - H  ‘h i it n

n=l ‘ n, n+1 n—i, n’ n 1 + exp 
~~
Z
0
_Z
n
)/h

n
} (7)~

where N
0 is the electron density at a reference height z0. Equation (7) may also

be written
[ z— z 0 m h~ — 

h 1 + exp~ (z—z )/h  } 1
N N

0 exp [-j1--— + fl~l(H~ n~l 
11n...l ~~~) 

in 
~ + exp( (z0

_z~ )/h ~}J 
(8)

The profile of electron density presented in Equation (8) is an analytic

function of height at all levels. There are no discontinuities of N or of any

of its derivatives. This analytic profile tends to the ske].ton profile shown

in Equations (5) as the smoothing scales h1, h2, ... tend to zero. The character

of the analyt ic profi le in Equation (8) may be controlled by adjusting the follow-

ing 3m + 2 parameters:

(i) the transition heights z 1, Z 2 , . . . ,Z ,

(ii) the scale—heights 
~~~~~~~~~~~~~~~~ 

of the skeleton

p rof i le  for the height ranges z < z1,z1 < ~‘ < z2 , . . . ,
Z > Z respectively ,

(iii) the smoothing scales h
i~
h2~~••~

hrn for the t’~ansition heights

Z 11 Z 2 , . . . ,Z respectively , and
(iv) either N

0 
or z

~
.

It is clear that Equation (8) constitutes a profile of electron density that

possesses considerable flexibility and yet is a fully analytic function of

height at all levels.

3. Application

We need to investigate whether the analytic profile of electron density pre—

sented in Equation (8) has adequate flexibility to represent practical ionospheric

profiles without involving an unreasonably large number of adjustable parameters.

It will be convenient to draw profiles in a form that shows log 10N as a

function of z. We therefore rewrite Equation (7) in the form 

~~~~
-- - ——-

~
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log 10N — log 10N0 + A01 (z— z o)

+ j1(A~, n-s-i 
— A~_1, ~

){f(z_z~~ B~) — f(z
0—z~ , 

B ) )  (9)

where

f ( z , B) — B~~ln{l + exp (Bz)} (10)

In Equation (9) the quantities A01, A12, •~~~
Am in+l 

are the slopes of the skeleton

prof ile of log 10N versus z in the height—ranges z < z1, z1 < z < Z
2~ ••~~ > Z

respectively, while B1, B2, •..,B are the reciprocals of the smoothing scales

h1, h2, ...,h for the transition heights Z1, z~ , •~~~
Zm respectively.

It may be noted that, as z ~~ 
—

~~~ , the function f(z, B) tends to zero. On

the othe r hand , as z -
~ 4~ , f ( z , B) behaves as z. For computational purposes it

is convenient to rewrite Equation (10) as

1B
1ln{l + exp (Bz)}, z < 100B 1 (11)

f ( z , B) =
~ —lLz , z � 1003 (12)

This avoids use in the computer of numbers larger than e10° while avoiding frac—

100 —1t ional errors larger than (100 e )

Figure 1 shows two skeleton profiles consisting of linear segments in a plot

of log 10N versus z. Electron density is measur ed in m 3 and height in km. A f t er

smoothing in accordance with Equation (9), one curve is intended to reproduce an

i l lustrat ive day—type prof i le  of electron density and the other an illustrative

nig ht—type  p rof i le.  Eight transition points have been used in Figure 1 for the

da y—type prof i le  and six for  the n ight—type  profi le . Hence in = 8 in Equation ( 9)

for  the day—type profi le , and m = 6 for the night—type profile. Associated with

each transition level, a pair of numbers are shown in brackets in Figure 1. These

are the cartesian coordinates of the transit ion point , the f i rst number being an

assumed value of log 10N at the point and the second an assumed value of z . The

number following the bracketed pair , and preceded by a ± si gn , is the assumed

— 6 —
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~JVV - SKELETON -

— NIGHT—TYPE
PROFILE ~~~~~~~~~

400 -

300 - (1F75,300) ± 3o . -

( 125 ) 250)±20
(9~3)22O) ± tO

200 - 

(II•2~2OO)±6 -

(7 75,127)±5 . (93,1I2)±5 . (IO 8~I2O~±5
too 

- (9-3 ,96)±5 . -

:~~~.(8.5,82.5)±O.5 (IO 5,84) ±I~5

~i8~49~62 5)±2
0 I I I I

6 7 8 9 tO II 12 13

- LOG 10 (ELECTRON DENSITY IN METER 3 )
Figure 1: Skeleton profiles of electron density . Pairs of numbers in

brackets are cartesian coordinates of a transition point.
The number following the ± sign is the smoothing scale for
the transition po1~nt ~~
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Table 1

Illustrative profile parameters (day)

m — 8, log10N0 = 6.93, z0 55

it 1 2 3 4 5 6 7 8

62.5 82.5 84 100 120 200 250 750
it

0.2 0.001 1.3 0.03125 —0.01 0.005 0.026 —0 .005 —0.0005.1 ,n

0.5 2.0 1.5 0.2 0.2 0.16 0.05 0.003
U

Table 2

Illus t rative profile parameters (ni gh t )

i n —  6, log10
N0 = 5.53, z0 = 80

n 1 2 3 4 5 6

z 96 112 127 220 300 6’~
’

it

A 0.225 0. 0 —0.103 0.016 0.030625 —0 .005 —0 .0005n— l ,n

B 0.2 0.2 0.2 0.1 0.03 0.003

_____

— 8 —
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Figure 2: Analytic profiles of electron density derived fr om the skeleton
profiles in Figure 1 in accordance with Equation (9) using the

parameters listed in Tables 1 and 2.
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smoothing scale in km for this t ransition point ; the reciprocal of this number

gives the corresponding value of B in Equation (9) .  By differencing the coordi-

nates of the t ransition poin ts in Figure 1 we obtain the unsmoothed slopes A12,
A23, ... for  use in Equation (9) . The slope A

01 at the bottom of the ionosphere

has been taken as 1/5 (day) and 9/40 (night), while the slope at the top of the

ionosphere has been taken as — 1/1800. The reference level and its corre-

sponding electron density N0 
have been taken as:

z
0
= 55 , log10N0 = 6.93, day (13)

z =  80, log
10N =  5.53 , night (14)

The parameters selected on these bases for  use in Equation (9) are therefore

as shown in Tables 1 and 2

Use of the parameters listed in Table s 1 and 2 for the function presented in

E quation (9) leads to the analytic profiles shown in Figure 2. It is immediately

clear that these profiles are similar to those foun d in the ionosphere under day

and ni ght conditions . In pa rticular , the pr of iles shown in Figure 2 have charac— - -

teristics similar to the RRB profiles (Rawer , Ramakrishnan and Bilitza , 1975). But

the profiles shown in Figure 2 have no discontinuities in derivatives of any order

at any hei ght and are therefore preferable to the composite profiles of RRB for

wave propagation studies. Even the physically rapid change of slope at about 80 k~

fo r the day—type p rof i le  in Fi gure 2 involves no mathematical singularity .

Because of the ease with which the maximum electron density in the ionosphere I 
-

can be scaled f rom ionograms , it has long been customary to includ e this quantity

in a list of standard ionospheri c parameters. It will be noticed , however , tha t

the maximum electron densities for the day—type and night—type profiles in Figure 2

do not appear in Table s 1 and 2. This is easily changed if desired . The reference

height z is at our disposal; we may choose z0 as the height of max imum electron

- 10- 
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density , and N
0 is then the value of the maximum electron density. If this is

done, the values for N
0 
and z

0 
in Tables 1 and 2 are changed to:

log 10N0 = 12.32, 20 = 287 kin, day (15)

log = 11.44 , z0 — 364 kin , night (16)

These changes in Tables 1 and 2 cause no changes in the profiles depicted in Figure 2.

Any method of f i t t ing  standard ionospher ic profiles to the ionosphere must,

in practice, be applied to actual observations of electron density as a function

of height. For fitting the profile presented in Equation (9) to such observations

the following procedure can be adopted:

(i) Present the observations in a diagram of log10N versus z.

(ii) Use any convenient pair of corresponding values of log
10N andz for log

10
N
0 

and z
0.

(iii) Approximate the relationship between lc~~10N and z with rectilinearsegments as shown in Figure 1, using tangents near points of in—
flexion as far as possible.

(iv) Es t imate  visually the smoothing scales required at the various
transition points .

(v) Substitute the resulting parameters into Eq uation (9) , and exhibit
the corresponding analytic profi le  on the cathode—ray screen
of a computer.

(vi ) Where necessary , readjust parameters by trial and error so as to
make the profile on the screen match the observations.

By this procedure analytic profiles that constitute reasonable fits to given

observational profiles can easily be derived .

4. Conclusion

It is recommended that any method adopted for specifying standard ionospheric

profiles be based on the use of a single analytic unction usable at all ion-

ospheric heights rather than on a composite of several functions, one for each

region or sub—region with discontinuities in derivatives at the junctions. Use

of a single analytic function of height is desirable aeronomically and is -

- I — 1 1 —
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essential for properly deriving exact wave solutions to ionospheric problems.

It also facilitates use of the concept of complex height, which simplifies a

number of wave propagation problems .

In particular , the analytic function presented in Equation (9) has the

necessary flexibility to represent a multi—region ionosphere without employing

an unreasonably large number of parameters. When the profile of electron

density employed in a wave propagation problem is described in this way, the

solution may be quickly reprogrammed for a different profile merely by changing

the values of some of the parameters listed in Tables 1 and 2.

&
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